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Abstract. We consider a class of power-type nonlinear Schrodinger equations 
Oh for which the power of the nonlinearity lies between the mass- and energy- 

critical exponents. Following the concentration-compactness approach, we 
prove that if a solution u is bounded in the critical Sobolev space through- 
out its lifespan, that is, u € H% a , then u is global and scatters. 
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1. Introduction 

We consider the initial-value problem for defocusing nonlinear Schrodinger equa- 
tions of the form 

(id t + A)u = \u\p u 
u(0,x) = u (x), 

where p > is chosen to lie between the mass- and energy-critical exponents, that 
is, 4 < p < -ttj^. Here u : R t x f ^ -> C is a complex- valued function of time and 
space. 

The class of solutions to (|1.1[) is left invariant by the scaling 

u(t,x) i-> \p u(X 2 t, Xx) 
1 
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for A > 0. This scaling defines a notion of criticality. In particular, one can check 
that the only homogeneous L^-based Sobolev space that is left invariant by this 
scaling is -ffJ c (R d ), where the critical regularity s c is given by s c := | — 2. If we 

take uq G iJJ(R d ) in (jl.ll) , then for s = s c , we call the problem critical. For s > s c , 
we call the problem subcritical, while for s < s c the problem is supercritical. 

We consider the critical problem for (jl.ip in the inter- critical regime, that is, 

< s c < 1. For (d,s c ) satisfying an appropriate set of constraints, we prove that 
any maximal-lifespan solution that is uniformly bounded (throughout its lifespan) 
in iJJ c (R d ) must be global and scatter. 

We begin by making the notion of a solution more precise. 

Definition 1.1 (Solution). A function u : IxM. d — > C on anon-empty time interval 

1 3 is a solution to (TLl]) if it belongs to C t H^(K x R d ) n L p ^ +2)/2 (K x R d ) for 
every compact K C I and obeys the Duhamel formula 

u(t) = e ltA u - i [ e l{t - s)A (\u\ p u){s) ds 
Jo 

for all t £ I. We call / the lifespan of u; we say u is a maximal-lifespan solution if 
it cannot be extended to any strictly larger interval. If / = R, we say u is global. 

We define the scattering size of a solution u to on a time interval 7 by 

S 7 (u):= / / K^aOl'^dirdi. (1.2) 

Standard arguments show that if a solution u to (jl.ip is global, with S*r(u) < oo, 
then it scatters; that is, there exist unique u± G ij* c (R d ) such that 

t Jgi o ||u(t)-e <tA u±||^. (R<l) =0. 
The goal of this paper is to address some cases of the following 

Conjecture 1.2. Let d > 1 andp > such that s c := |-| > 0. Letu : IxW 1 -> C 

be a maximal-lifespan solution to (|1.1|) such that u £ L^°H^, a (I x R d ). TTien u is 
global and scatters, with 

Sm(u) < C(\\u\\ Lrmc{RxKd) ) 

for some function C : [0, oo) — > [0, oo). 

For two special cases, it is unnecessary to take u g LfH^." as an additional 
hypothesis, as this bound follows from conservation laws. In particular, in the 
mass-critical case, s c — (i.e. p = ^), the fact that u 6 LfL\ follows from the 
conservation of mass, defined by 

M[u(t)} := / \u(t,x)\ 2 dx, 

JR d 

while in the energy-critical case, s c — 1 (i.e. p — jz^, d > 3), the fact that 
u G L^Hg follows from the conservation of energy, defined by 

E[u(t)]:= ( \\Vu{t,x)\ 2 + -L-\ u (t,x)\ p+2 dx. 

Due to the presence of conserved quantities at critical regularity, the mass- and 
energy-critical equations have been the most widely studied; in fact, Conjecture 



INTER-CRITICAL NLS: CRITICAL £T-BOUNDS IMPLY SCATTERING 



3 



11.21 has been settled in these cases. For s c £ {0,1}, the hypothesis that u stays 
bounded in in Conj ecture 1 1 . 21 plavs the role of the 'missing conservation law' at 
critical regularity; the aim of this paper is to show that with this extra assumption, 
the techniques developed to treat the mass- and energy-critical NLS can be applied 
in the inter-critical regime, < s c < 1. 

The defocusing energy-critical case was handled first by Bourgain [3 , Grillakis 
[23] , and Tao [49] for radial data, and subsequently by Colliander-Keel-Stamlani- 
Takaoka-Tao [13], Ryckman-Visan [JO], and Visan [55J[SS] for arbitrary data. (See 
also [251 [32] for results in the focusing case.) The primary obstacle to establishing 
these results was the lack of any a priori estimates with critical scaling (besides the 
conservation of energy) ; that is to say, none of the known monotonicity formulae for 
NLS (i.e. Morawetz inequalities) scale like the energy (in contrast to the energy- 
critical nonlinear wave equation, for example). It was ultimately the 'induction on 
energy' technique of Bourgain that showed how one can move beyond this difficulty: 
by finding a bubble of concentration inside a solution, one introduces a characteristic 
length scale into a scale-invariant problem. Having 'broken' the scaling symmetry 
in this way, the available Morawetz inequalities come back into play, despite their 
non-critical scaling. All subsequent work for NLS at critical regularity has built 
upon this fundamental idea. 

In the energy-critical case, the critical regularity associated to the available 
Morawetz estimates is lower than the critical regularity of the problem. Bour- 
gain was able to make use of the Lin-Strauss Morawetz inequality (appearing first 

. i 

in [38]), which scales like H£ and is well-suited to the radial case; to remove the 

radial assumption, Colliander-Keel-Staffilani-Takaoka-Tao introduced the intcrac- 

. i 

tion Morawetz inequality (see [H]), which has the scaling of H£ (but still requires 
control over at least half of a derivative, cf. (|1 .3[) below). These considerations lead 
us to believe that the techniques developed to handle the energy-critical problem 
should be applicable to resolve Coniecture ll.2l in the case s c > i. 

In particular, we will be making use of the concentration-compactness (or 'min- 
imal counterexample') approach to induction on energy. Minimal counterexamples 
were introduced over the course of several papers in the context of the mass-critical 
problem (see, for example, [TJ El [3 EEl ESI [39]); however, the first application of 
minimal counterexamples to establish a global wcll-posedness result was carried out 
by Kenig-Merle E3], who developed the technique in the focusing, energy-critical 
setting. 

Minimal counterexamples were also used to establish Conjecture [TT^] in the mass- 
critical setting, first for spherically-symmetric data in dimensions d > 2 (see |30l 
1371 152]). and subsequently for arbitrary initial data in all dimensions by Dodson 
OH [H [H]. (For results in the focusing case, see E3 ffl 123 ) Notice that in 
the mass-critical case, the critical regularity of the problem is lower than that of 
the available Morawetz estimates; thus one needs to prove additional regularity 
(instead of decay) to access these estimates. We pause here to point out [36 ] 157 ] . 
as well, which revisit the defocusing energy-critical problem from the perspective 
of minimal counterexamples. 
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The first case of Conjecture 11.21 at non-conserved critical regularity to be ad- 
dressed was the case d = 3 and s c — \, in which case the nonlinearity is cu- 
bic. Kenig-Merle [35] were able to handle this case by using their concentration- 
compactness technique (as in |25)V together with the Lin-Strauss Morawetz in- 
equality (which is scaling-critical in this case). As we will see, this case also falls 
into the range of cases that we consider, although we will opt to use the interaction 
Morawetz inequality instead. 

Some cases of Coniecture ll.2l in the energy-supercritical regime (i.e. s c > 1) have 
also been handled by Killip-Vi§an [33J , also through the use of minimal counterex- 
amples. In particular, they deal with the case of a cubic nonlinearity for d > 5, 
along with some other cases for which s c > 1 and d > 5. Their restriction to high 
dimensions stems ultimately from their use of the so-called 'double Duhamel trick'; 
for more details, see [33] and the references cited therein. 

Before we discuss our contribution, we note that the analogous conjecture has 
also been studied for the nonlinear wave equation. For progress in the energy- 
supercritical case, one can refer to works of Kenig-Merle [27], Killip-Vi§an [34 ] 135 ) . 
and Bulut [4] [6] . For some results in the energy-subcritical case with radial data, 
see 02]|43]. 

Finally, we are in a position to describe the cases of Coni ecture 1 1 . 2 1 that we will 
address in this paper. As mentioned above, we will work in the inter-critical regime, 
< s c < 1 (that is, ^ < P < 333)- O ur primary restriction is technical; namely, we 
only consider cases for which p > 1. This restriction serves to simplify the analysis, 
which still becomes a bit complicated. For example, when we need to estimate a 
fractional number of derivatives of the function G(z) — \z\ p , things arc quite a bit 
simpler when G is locally Lipschitz, rather than merely Holder continuous. 

Next, in order to make use of the interaction Morawetz inequality, we restrict to 
the cases d > 3 and s c > ^ (cf. (jl.3p below). For this restriction to be compatible 
with p > 1, we must then restrict to d < 5. The use of the interaction Morawetz 
inequality ultimately leads to a further (more severe) restriction: when d = 3, we 
must exclude the cases | < s c < 1. Let us briefly describe the reason for this 
additional restriction. 

The standard interaction Morawetz inequality may be written as follows: for u 
solving (jl.l|) . we have 



d xR d 



\u(t,x)\ 2 A(^)(x-y)\u(t,y)\ 2 dxdydt 



As we are in the case s c > |, we see that to guarantee that the right-hand side is 
finite, we must truncate the solution u to high frequencies (that is, we must work 
with u>n for some N > 0). In Section [7] we do exactly this. However, u>n is 
no longer a solution to (|1.1[) ; thus, the truncation results in error terms for (II. 3|) 
that must be handled to arrive at a useful estimate. When d = 3 and s c > |, we 
find that there is one error term that we cannot handle unless we also impose a 
spatial truncation on the weight we use to derive (|1.3p : see, for example, [TS1 135] . 
which address the case d = 3, s c — 1. This spatial truncation, however, results in 
even more error terms; it turns out that some of these additional error terms then 
require control over the ^-regularity of the solution. Thus, in the energy-critical 
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case, one can push the argument through, while in our case we cannot succeed 
without significant additional input. For further comments, see Remark 17.41 

Our final restriction is to exclude the case (d, s c ) = (5, i), for which p = 1. In this 
case, the proof of Lemma [4721 which is essential to the reduction to almost periodic 
solutions in Section [H breaks down. For further discussion, see Remark 14.31 

To summarize, our main results will apply to (jl.ljl with (d, s c ) satisfying the 
following: 

' i < s c < | if d = 3, 

< i < s c < 1 if d = 4, (1.4) 
i < s c < 1 if cf = 5. 
It is worth mentioning, however, that many of our results will apply to a less 
restrictive set of (d, s c ). In particular, many of our results will apply to 

de {3,4,5} and | < s c < 1, excluding (d, s c ) = (5, |). (1.5) 

As we proceed, we will keep track of which restrictions are necessary for which 
results. 

Our main result is the following: 

Theorem 1.3. Suppose (d,s c ) satisfies (|1.4j) . Let u : I x R d — > C be a maximal- 
lifespan solution to (jl.ip such that u £ L^°ij| c (7 x Mr). Then u is global and 
scatters, with 

Sm(u) < C{\\u\\ Lr ^ (RxRd) ) 
for some function C : [0, oo) — > [0, oo). 

To establish Theorem 11.31 we will model our approach after several sources, 
including [311 E2 GUI EH [57]. In particular, Section [3] follows the presentation in 
[21 [33] ; Section [4] draws heavily from [32] ; and the presentation of the remaining 
sections is inspired largely by [36j [57] . We note also that we rely on [31] for several 
standard results regarding almost periodic solutions in the outline below. 

The first step towards a global-in-time theory for (11.11) is to develop a good 
local-in-time theory for this equation. In particular, building off arguments of 
Cazenave-Weissler [8], one can prove the following 

Theorem 1.4 (Local well-posedness) . Let (d,s c ) satisfy (|1.5[) . Then, given uq € 
H^. c (M. d ), there exists a unique maximal-lifespan solution u : L x R d — > C to (jl.ip . 
Moreover, this solution satisfies the following: 

• (Local existence) I is an open neighborhood o/O. 

• (Blowup criterion) //sup/ is finite, then u blows up forward in time, in the 
sense that S'[o,sup/)( u ) — 00 ■ If io£ I is finite, then u blows up backwards in time, 
in the sense that ^(inf /,o]( u ) = °°- 

• (Scattering) If sup / = +oo and u does not blow up forward in time, then u 
scatters forward in time; that is, there exists a unique u + G H^(R d ) such that 

hm \\u(t)-e^u + \\ H , c{Md) =0. (1.6) 

Conversely, for any u + G i/| c (K d ), there is a unique solution u to (jl.ip so that 
(|1.6|) holds. The analogous statements hold backward in time. 

• (Small-data global existence) There exists t]q = ?7o(c?,p) such that if 

IKlfc(R<*) < Vo, 
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then u is global and scatters, with S'r(m) < 1 1 uq 1 1 ^t^i^ ■ 

Remark 1.5. We note here that the notion of blowup described above corresponds 
exactly to the impossibility of extending the solution to a larger time interval in 
the class described in Definition 11.11 

In Section[3l we will establish this theorem as a corollary of a local well-posedness 
result of Cazenave-Weissler [B] (Theorem 13. ip and a stability result (Theorem l3.4p . 
This stability result plays an essential role in the argument we present, specifically 
in the proof of Theorem 11.121 

1.1. Outline of the proof of Theorem 11.31 The proof is by contradiction. We 
first recall that Theorem 11.31 holds if we restrict to sufficiently small initial data 
(cf. Theorem II. 4ft : thus, the failure of Theorem 1 1 . 31 would imply the existence of a 
'threshold' size, below which Theorem 11.31 holds . but above which we can find (al- 
most) counterexamples. Using a limiting argument, we then find blowup solutions 
at this threshold, so-called 'minimal blowup solutions'. By carefully analyzing such 
solutions, we can show that they must have so many nice properties that in fact, 
they cannot exist at all. 

The main property of these special counterexamples is that of almost periodicity 
modulo symmetries: 

Definition 1.6 (Almost periodic solutions). Let s c > 0. A solution u to (jl.ljl with 
lifespan I is said to be almost periodic (modulo symmetries) if u € Lf°H^, c (I x M. d ) 
and there exist functions N : I ->■ M+, x : I W l , and C : R+ -> K+ such that for 
all t e I and all 77 > 0, 



X 



\\V\"u(t,x)\ 2 dx + / \tf s °\u(t,0\ 2 dt<r,. 

-*(t)\>%$ J \Z\>C(v)N(t) 



We call ./V the frequency scale function, x the spatial center function, and C the 
compactness modulus function. 

Remark 1.7. By the Arzela-Ascoli theorem, a family of functions is precompact in 
ij| c (M. d ) if and only if it is norm-bounded and there exists a compactness modulus 
function C such that 

I 2 , I 1 ,|2s c I f/ t \|2 



x\>C( V ) J\(\>C( V ) 

uniformly for all functions / in the family. Thus, an equivalent formulation of 
Definition 11.61 is the following: u is almost periodic (modulo symmetries) if and 
only if 

{u(t) :tel}c {\pf(X(x + x Q )) : A e (0, 00), x 6 R d , and f E K} 

for some compact K C H^. c (R d ). 

Furthermore, Sobolev embedding gives that every compact set in _ff| c (R d ) is also 

compact in Lx (Mr); thus, for any almost periodic solution u : I x Br -> C, we also 
have 



/ 

J\x 



\u(t, x)\ 2 dx < n 

/|x- a (t)|>£$ 
for all t S I and 77 > 0. 
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Remark 1.8. Another consequence of almost periodicity modulo symmetries is 
the existence of a function c : R + — > R + so that for all t £ I and all rj > 0, 

/ \\V\^u(t,x)\ 2 dx+ I \e s °Ht,0\ 2 ^<V- 

One can show (see [31[ Lemma 5.18], for example) that the modulation param- 
eters of almost periodic solutions obey the following local constancy property: 

Lemma 1.9 (Local constancy). Let u : I x M. d — > C be a maximal-lifespan almost 
periodic solution to Then there exists 8 — S(u) > such that if to G /, then 

[t - SNitoy^to + 5N{t )- 2 ] C I, 

with 

N{t)~ u N{t Q ) for \t-t Q \<SN(t )- 2 . 

Given a maximal-lifespan almost periodic solution u : I x M d — > C to ljl.l|> . 
Lemma 11.91 allows us to subdivide / into characteristic subintervals Jk on which 
N(t) is constant and equal to some Nk, with |J/.| ~ u Nj7 2 . To do this, we need 
to modify the compactness modulus function by a time-independent multiplicative 
factor. 

The local constancy property also has the following consequence (see [3"Tl Corol- 
lary 5.19]): 

Corollary 1.10 (N(t) at blowup). Let u : IxM. d — s> C be a maximal-lifespan almost 
periodic solution to (jl.ip . LfT is any finite endpoint of I, thenN(t) > u \T — t\~ x l 2 ; 
in particular, limt^y N(t) = oo. If I is infinite or semi-infinite, then for any t G /, 
we have N(t) > (t - io)~ 1/2 . 

Finally, we need the following result, which relates the frequency scale function 
of an almost periodic solution to its Strichartz norms. 

Lemma 1.11 (Spacetime bounds). Let (d, s c ) satisfy {TT5J . and suppose u is an 
almost periodic solution to on a time interval I . Then 

[ N(t) 2 dt < u \\\V\ s -u\\ 2 _2^_ < u 1 + / N(t) 2 dt. 

One can prove this result by adapting the proof of [3 1 1 Lemma 5.21]; the key is 
to notice that J T N(t) 2 dt is approximately the number of characteristic subintervals 
inside i\ The restriction on (d, s c ) is not actually necessary, but it covers our cases 
of interest. 

With these preliminaries established, we can now describe the first major step 
in the proof of Theorem 11.31 

Theorem 1.12 (Reduction to almost periodic solutions). Suppose that Theo- 
rem \1.3\ fails for (d, s c ) satisfying p. 51) . Then there exists a maximal-lifespan so- 
lution u : I x R d -)• C to (HU) such that u G L^°H^(I x R d ), u is almost periodic 
modulo symmetries, and u blows up both forward and backward in time. Moreover, 
u has minimal L^ H^" -norm among all blowup solutions; i.e., 

sup \\u(t)\\ m < sup \\v(t)\\ m Rd) 
tei v ' teJ K ' 

for all maximal-lifespan solutions v : J x M. d — > C that blow up in at least one time 
direction. 



s 



JASON MURPHY 



We sketch a proof of Theorem [LTll in Section|U By now, the reduction to almost 
periodic solutions is a fairly standard technique in the study of dispersive equations 
at critical regularity. Keraani |29] first proved the existence of minimal blowup 
solutions (in the mass-critical setting) , while Kenig-Merle [25] were the first to use 
them as a tool to prove global well-posedness (in the energy-critical setting). For 
many more examples of these techniques, one can refer to [26l [27l Ei3 E2 EH E3 
EH E3 E3 [531 E2] , for example. 

Still, while the underlying ideas are well-established, we will see that to carry 
out the reduction in the cases we consider will require some new ideas and careful 
analysis; indeed, the resolution of this problem is the chief novelty of this paper. 
One of the principal difficulties arises in the proof of Lemma 14. 2\ in which we 
establish a decoupling of nonlinear profiles in order to show that a sequence of 
approximate solutions to converges in some sense to a true solution. 

For the mass- and energy-critical cases, one can use pointwise estimates and well- 
known arguments of [28] to establish this decoupling; in our setting, the nonlocal 
nature of |V| Sc prevents the direct use of any pointwise estimates. The authors of 
[33) . who dealt with some cases in the energy-supercritical regime, overcame this 
difficulty by establishing analogous pointwise estimates for a square function of 
Strichartz that shares estimates with |V| Sc (see [H]). With such estimates in hand, 
the usual arguments can then be pushed through. Their approach does not work 
in our setting, however, as it strongly relies on the fact that s c > 1. In [26], the 
authors treat a cubic nonlinearity in dimension d = 3 (in which case s c = ^); by 
exploiting the polynomial nature of the nonlinearity and employing a paraproduct 
estimate, they too overcome the nonlocal nature of |V| Sc and put themselves in a 
position where the standard arguments are applicable. In our setting, the combi- 
nation of fractional derivatives and non-polynomial nonlinearities presents a new 
technical challenge. Ultimately, the resolution of this problem comes from a careful 
reworking of the proof of the fractional chain rule, in which the Littlewood-Paley 
square function allows us to work at the level of individual frequencies. By making 
use of some tools from harmonic analysis (including maximal and vector maximal 
inequalities), we are eventually able to adapt the standard arguments to establish 
the decoupling in our setting. For further discussion, see Section [4] 

After establishing Theorem 1 1.121 we make some further refinements to the class 
of solutions we consider. First, we can use a rescaling argument to restrict our 
attention to almost periodic solutions that do not escape to arbitrarily low frequen- 
cies on at least half of their maximal lifespan, say [0,T max ). We will not include 
the details here; one can instead refer to Section 4 in any of EH EH [52]. Next, 
following [17], we will divide these solutions into two classes that depend on the 
control given by the interaction Morawetz inequality; these classes will correspond 
to the 'rapid frequency-cascade' and 'quasi-soliton' scenarios. Finally, as described 
above, we use Lemma 11.91 to subdivide [0,T max ) into characteristic subintervals 
and set N(t) to be constant and equal to Nk on each Jk, with | Jk\ ~ u N^ 2 . In this 
way, we arrive at 

Theorem 1.13 (Two special scenarios for blowup). Suppose that Theorem \1.3\ 
fails for (d, s c ) satisfying (|1.5p . Then there exists an almost periodic solution u : 
[0,T max ) x R d — > C that blows up forward in time, with 



N(t) = N k >l 
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for each t£Jk, where [0,T TOax ) — UfcJfc. Furthermore, 
either I N(t) 3 ~ 4St! dt < oo or I 




N(t) 



3-4s c 



dt = oo. 



Thus, to establish Theorem ll.3( it remains to preclude the existence of the almost 
periodic solutions described in Theorem 11.131 The main technical tool we will use 
to achieve this will be a long-time Strichartz inequality, Proposition 15. 11 Such 
inequalities were originally developed by Dodson [17] for almost periodic solutions 
in the mass-critical setting; for variants in the energy-critical setting, see [36) 157]. 
In this paper, we establish a long-time Strichartz estimate for the first time in the 
inter-critical regime. The proof of Proposition 15.11 is by induction; the recurrence 
relation is derived with the aid of Strichartz estimates, together with a paraproduct 
estimate fLemma l2.6p and a bilinear Strichartz inequality fLemma l2.10[) . 

In Section [6] we preclude the rapid frequency-cascade scenario, that is, almost 
periodic solutions as in TheoremEHfor which / Q mM N(t) 3 - 4s - dt < oo. This proof 
requires two ingredients. The first ingredient is the long-time Strichartz inequality 
(Proposition 15 . 1 1) . while the second is the following 

Proposition 1.14 (No-waste Duhamel formula). Let u : [0,T max ) x M. d — > C be 
an almost periodic solution to (jTTTJ) with N(t) = Nk > 1 on each characteristic 
subinterval Jk- Then for all t G [0,T max ), we have 



To prove Proposition II .141 one can adapt the proof of [3TJ Proposition 5.23]; we 
omit the details. Using Proposition II .141 and Strichartz estimates, we can upgrade 
the information given by Proposition 15.11 to sec that a rapid frequency-cascade 
solution must have finite mass. In fact, we can show that the solution has zero 
mass, which contradicts that the solution blows up. 

In Section [SI we preclude the quasi-soliton scenario, that is, almost periodic so- 
lutions as in Theorem EH for which J maa: N(t) 3 - is - dt = oo. The main ingredient 
is a frequency- localized interaction Morawetz inequality (Proposition I7.1[) , which 
we prove in Section To establish this estimate, we begin with the usual inter- 
action Morawetz inequality, truncate to high frequencies, and use Proposition 15.11 
to control the resulting error terms. (As described above, one of these error terms 
eventually forces us to exclude the cases (d,s c ) £ {3} x (|,1) from TheoremO 
see Remark 17.41 ) To rule out the quasi-soliton scenario and thereby complete the 
proof of Theorem 11.31 we notice that the frequency-localized interaction Morawetz 
inequality provides uniform control over J, N(t) 3 ~ 4Sc dt for all compact time inter- 
vals I C [0, T max ); thus we can derive a contradiction by taking / to be sufficiently 
large inside of [0,T max ). 
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2. Notation and useful lemmas 

2.1. Some notation. We write X < Y or Y > X whenever X < CY for some 
C > 0. If X < Y < X, we write X ~ F. If the implicit constant C depends on 
the dimension d or the power p, this dependence will be suppressed; dependence 
on additional parameters will be indicated with subscripts. For example, X < u Y 
indicates that X < CY for some C = C(u). 

For a spacetime slab / x R d , we write L\L r x {I x R d ) to denote the Banach space 
of functions u : I x M. d — > C equipped with the norm 

1/9 



\ U \\L q t L^(Ixm d ) 



■= (l\Ht)\\lr m d^ 



with the usual conventions when q or r is infinity. If q = r, we abbreviate Lf L x = 
L\ x . At times we will also abbreviate ||/|| L r( R d) to ||/|| ir or ||/|| r - 
We define the Fourier transform on M. d by 

7(0 := (2n)- d / 2 f e- ix <f{x)dx. 

JR d 

For s G M, we can then define the fractional differentiation operator |V| S via 

|VF?(0 := IC| S 7(C), 
which in turn defines the homogeneous Sobolev norm 

IUIIff=(R d ) :== II ^ ^IL^Rd)- 

2.2. Basic harmonic analysis. Let (p be a radial bump function supported in the 
ball {£ G R d : |?| < ji} and equal to 1 on the ball {(6l d : |£| < 1}. For N G 2 Z , 
we define the Littlewood-Paley projection operators via 

iw(o ■■= ■■= (i - <p(t/N))f(t), 

We define P<jv and P>jy similarly. We also define 

Pm<-<n '■= P<n — P<m = ^ Pn> 

M<N'<N 

for M < N. All such summations are understood to be over N G 2 Z . Being Fourier 
multiplier operators, these Littlewood-Paley projection operators commute with 
e ttA , as well as differential operators (for example, idt + A). We will need the 
following standard estimates for these operators: 

Lemma 2.1 (Bernstein estimates). For 1 < r < q < oo and s > 0, 

llivrp^/ii^^^Aip^/n^^, 

l| P <^/|ll,*(R<*) ~ ^'"ll^/ILjCR-)- 
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Lemma 2.2 (Littlewood-Paley square function estimates). For 1 < r < oo. 

\\(J2\ p Nf{x)\ 2 ) 1 || LS(M d) ~ ||/|| LS(K d ); 
IKE^'iM^i^^lLs^-llivr/lL;^ forseR, 

We will also need the following general inequalities, which appear originally in 
|10) . For a textbook treatment, one can refer to |48j . 

Lemma 2.3 (Fractional product rule, [10]). Let s G (0, 1] and 1 < r, n, f2, gi, 92 < 

00 such that - = — + — for i = 1,2. Then 

T Ti qi J 7 

||ivr(/5)|| r <||/|| ri ||ivi s ff || gi + ||ivi s /LjHi g3 . 

Lemma 2.4 (Fractional chain rule, [10]). Suppose G <E C 1 (C), s e (0,1], a^rf 

1 < r, ri , r? < 00 are smc/i i/iai - = — + — . Then 

ll|VrG(u)|| <||G'(u)|| |||V| fl u|| . 

II 1 1 T" II > 'II 7 1 \ II II T*2 

We will also make use of the following refinement of the fractional chain rule, 
which appears in |35| : 

Lemma 2.5 (Derivatives of differences, [33]). Fix p > 1 and < s < 1. Then for 
1 < r, n , r? < 00 suc/i £/ia£ - = — + ^— , we have 

|||V| s [|u + d p - <|||V| s it|| ||u|| P_1 + |||V| a u|| llM + wir -1 . 

II 1 11 J llr ~ II 1 llrill 1 1 7^2 II llrill 1 1 r*2 

Finally, we prove a paraproduct estimate, very much in the spirit of Lemma 2.3 
in [57]. 

Lemma 2.6 (Paraproduct estimate). Fix d £ {3,4,5}. 
(a) For p > such that s c :— | — - £ 1), we /icrae 



iv|-»'«(/ff)ii - <iiivr^/|i - iiivi^^i 



I dp 



1 £ d+2 II ''j^d-2 II ll^ p (d + 8)-4 

|||v|-t(/ fl )|| ^ <|||v|-«/|| ^Hivitffll ¥ . 

Proof. For (a), we will prove the equivalent estimate 



ivi-**'(ivi*'-/ivr*"p)n ^ <||/| 



2d q 



by decomposing the left-hand side into low-high and high-low frequency interac- 
tions. More precisely, we introduce the projections ir^h and iTh,i, defined for any 
pair of functions <p, ip by 

m,h(<l>, ip) := 2^ 't'NipAi and n hj i((f),ip) ;= VJ <f> N ip M . 

N<M W>M 



We first consider the low-high interactions: by Sobolev embedding, we have 

(2.1) 



|V|-»-7a, fc (|V|>'-/,|V|-*'-ff)|| ^ <K h (|V|^/,|V|-^ ff )|| 4,. 
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We note here that when d = 3, the assumption s c < 1 guarantees that 



p(3d+4)-4 

If we now consider the multiplier of the operator given by 
T(f,g) :=n,h(M h ' c f>M~*"9), 

that is, 

E ieii* sc /^(ci)i6r* sc 9M(6), 

JV<M 

then we see that this multiplier is a symbol of order zero with £ = (^1,^2)- Thus, 
continuing from (I2.1j) . we can cite a theorem of Coifman-Meyer (see (TTJ [T3], for 
example) to conclude 

|||Vr^7r^(|V|5 s »/,|V|-^ 5 )|| « <||/|| „, . 

We now consider the high-low interactions: if we consider the multiplier of the 
operator given by 

S(f,h) := |V|-W/,,,(|V|*-/, h), 

that is, 

E l£i + 6rH6l' 5o M£i)M&), 

JV»M 

then we see that this multiplier is also a symbol of order zero. Thus, using the 
result cited above, along with Sobolev embedding, we can estimate 

lliv|-w w (|v|i-/,|v|-i-s)|| - <||/|| ^llivrWlLi 

^ L/* 2d Q 4dp 

ix" 2 " L P(<i + 8)-4 

Combining the low-high and high- low interactions, we recover (a). Mutis mutandis, 
the exact same proof gives (b). □ 

2.3. Strichartz estimates. Let e ltA be the free Schrodinger propagator, 

[e ltA /](z) = / e^-y\ 2 ' it f{y)dy 

for tj^O. This explicit formula immediately implies the dispersive estimate 

lle itA fll <\tr^\\f\\ 



i~(R d ) ~ 11 II-' HLi(R d ) 

L 2 (R d) = ||/|| L 2 ( 



for t =/= 0. Interpolating with ||e /|| /j2nft<i1 = ||/|| /j2ntt< ii (cf. Plancherel), one 
arrives at 

it A . 



,\e^f\\ L r m <\t\-^-r (2-2) 

for i 7^ and 2 < r < 00, with ~ + -p = 1. This estimate can be used to prove the 
standard Strichartz estimates, which we state below. First, we need the following 

Definition 2.7 (Admissible pairs). For d > 3, we call a pair of exponents (q,r) 
Schrodinger admissible if 

- + - = ! and 2<q,r<oo. 
For a spacetime slab / x R d , we define 



l u ns< 



o ( j) : = su p{lML?Lj(/xR d ) : ( 9 ' r ) admissiblej 
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We define S° (7) to be the closure of the test functions under this norm, and denote 
the dual of S°(7) by JV°(7). We note 

IMIjv°(j) ~ \\ u \\l? L-'(ixRi) for any admissible Pair (l, r )- 

We now state the Strichartz estimates in the form we will need them. 

Lemma 2.8 (Strichartz). Let s > 0, let I be a compact time interval, and let 
u : I x W d — > C be a solution to the forced Schrddinger equation 

{id t + A)u = F. 

Then 

lll v MU (/) £ lllvi fl «(*o)|| L , (Ri) + lllvi^Log) 

for any to G 7. 

Proof. As mentioned, the key ingredient is (12.21) . For the endpoint (q, r) — (2, -rzo) 
in d > 3, see [23]. For the non-endpoint cases, see jUJHT]; f° r example. □ 

The free propagator also obeys some local smoothing estimates (see 16, 44, 54 
for the original results). We will make use of the following, which appears as 
Proposition 4.14 in [31] : 

Lemma 2.9 (Local smoothing). For any f G L 2 x (R d ) and any e > 0, 

\[\w\h itA f](x)\ 2 (x)-^dxdt< s \\f\\ 2 Ll{Rdy 

Next, we record the following bilinear Strichartz estimates. The version we need 
can be deduced from (the proof of) Corollary 4.19 in [31] . 

Lemma 2.10 (Bilinear Strichartz). Let < s c < For any spacetime slab 

I x M. d and any frequencies M > and N > 0, we have 

||«<M«>*|| iUJxKi) <M^ 
where 

\\ u \\s S (i) := \\ u \\l?lhixr«) + IK^ + A HI 

Remark 2.11. We will use Lemma [2.101 in the proof of Proposition 15.11 In that 
context, we will have u — v an almost periodic solution to (jl.ip and 7 = a 
characteristic subinterval. In this case, interpolating between u G 7^°77J c and 
Lemma 11.111 gives 

|||V| s ^|| S o W <„ 1, 
so that we can use the fractional chain rule and Sobolev embedding to estimate 

|||V| Sc (|li| P u)|| 2(d + 2) < |U| P p(e i + 2) |||V| Sc 1t|| 2(d+2) 

L t *+ 4 (J k xRrf) L t-X 2 (4xK J ) L t , x d (J fc xR") 

< iiivi sc uir +1 

<u I- 

Thus, in this setting, an application of Lemma [2.101 gives 

\\u<MU> N \\ L2tAJkXRd) < u M^-")N-ti+"\ 
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2.4. Concentration-compactness. We record here the linear profile decomposi- 
tion that we will use to prove the reduction in Theorem 11.121 We begin with the 
following 

Definition 2.12 (Symmetry group). For any position xo £ R d and scaling pa- 
rameter A > 0, we define a unitary transformation g Xo \ : £f*°(M d ) — > H^"(R d ) 

by 

— — / — 1 \ 

[9x ,xf](x) ■■= A p/(A (x-xo)) 
(recall s c := | — -). We let G denote the collection of such transformations. For a 
function u : I x R d — > C, we define T 9x x u : \ 2 I x l d -> C by the formula 

[ T g X0 ,x u K^ x ) : = A _ *u(A -2 i,A -1 (a:-a;o)) , 

where X 2 I := {X 2 t : t E /}. Note that if u is a solution to (|1.1[) . then T g n is a 
solution to with initial data guo. 

Remark 2.13. It is easily seen that G is a group under composition. The map 
u i— > T g u maps solutions to (jl.ip to solutions with the same scattering size, that is, 
S(T g u) = S(u). Furthermore, u is a maximal-lifespan solution if and only if T g u is 
a maximal-lifespan solution. 

We now state the linear profile decomposition in the form that we need. For 
s c = 0, this result was originally proven in [1] [3 139) . while for ,s c = 1 it was 
established in [28] ■ In the generality we need, a proof can be found in [4Tj . 

Lemma 2.14 (Linear profile decomposition, [41]). Fix < s c < 1 and let {n„}„>i 
be bounded sequence in H^(W l ). Then, after passing to a subsequence if necessary, 
there exist functions {4>^}j>i C H^ ,: (M. d ), group elements g 3 n £ G, and times P n £ K 
such that for all J > I, we have the decomposition 

j 

-v • 

with the following properties: 

• For all n and all J > 1, we have w J n £ H^ a (M. d ), with 

lim limsup ||e ltA u>^|| P {d+2) =0. (2-3) 

J-s-oo n-j.00 l 2 (RxR d ) 

• For any j ^ k, we have the following asymptotic orthogonality of parameters: 

i 'Vi , \ x n ~ x n\ , l^n(-^n) — ^n{\i) I 



An AnAj; A^A^ 



— y oo as n — > oo. (2-4) 



for any J > 1, we have the decoupling properties: 



lim 



l2-El|l V l^ll2-||M S °<ll2 



= 0, (2.5) 



and /or any 1 < j < J, 

e~ it " A [(gi)~ 1 wi] wea% m as n oo. (2.6) 

Remark 2.15. In this linear profile decomposition, we may always choose the 
scaling parameters A n so that they belong to 2 Z . 
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3. Local well-posedness 

In this section, we develop a local theory for (|1.1J . We begin by recording a 
standard local well-posedness result proven by Cazenave-Weissler [5]; see also 
[31] [50]. We will also need to establish a stability result (appearing as Theorem l3.4p . 
which will be essential in the reduction to almost periodic solutions in Section [4] 
For stability results in the mass- and energy-critical settings, see [15l 140] IST ] 153]. 

For the following local well-posedness result, one must assume that the initial 
data belongs to the inhomogeneous Sobolev space 7J| c (IR d ). This assumption serves 
to simplify the proof (allowing for a contraction mapping argument in mass-critical 
spaces); we can remove it a posteriori by using the stability result we prove below. 

Theorem 3.1 (Standard local well-posedness 18!). Let d > 1, < s c < 1, and 
uo G H^fW 1 ). Then there exists rjo > so that if < n < 770 and I is an interval 
containing zero such that 

\\\V\^e ttA u \\ 2d (P +2) <ri, (3.1) 

" i?+2L 2(d-2)+dp {IxRd) 

then there exists a unique solution u to (jl.ip that obeys the following bounds: 

|||V| SC U|| 2d(p + 2) < 2?7, 

Z,?+ 2 L x 2(d - 2,+dp (/xRd) 

llM s HU (/) < Hlv| s ^o|| L 2 (Rd) + ^ +1 , 

ll u lls°(/) ~ IWL^Rd)- 

Remark 3.2. By Strichartz, we have 

|||V| Sc e ltA u || 2d (p+ 2) <\\\V\ Sc uo\\ 2 d 

so that (|3.1I) holds with / = K for sufficiently small initial data. One can also guar- 
antee that (|3.ip holds by taking |/| sufficiently small (cf. monotone convergence). 

We now turn to the question of stability for . We will prove a stability result 
for (d, s c ) satisfying (jl.5p . in which case we always have p > 1. As we will see, this 
assumption allows for a very simple stability theory. On the other hand, when 
p < 1, developing a stability theory can become quite delicate. For a discussion in 
the energy-critical case, see [22 Section 3.4] and the references cited therein. See 
also [33] for a stability theory in the energy-supercritical regime, as well as [21] for 
a stability theory in the inter-critical regime in high dimensions. 

Following the arguments in [31] , we begin with the following 

Lemma 3.3 (Short-time perturbations). Fix (d,s c ) satisfying flL5f . Let I be a 

compact interval and u : I x M. d — > C a solution to 

(id t + A)u = \u\ p u + e 
for some function e. Assume that 



(3.2) 
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Let to € I and uo £ i?| c (IR d ). Then there exist eq, 5 > (depending on E) such 
that for all < e < sq, if 

|| M SC ""|| p(d + 2) 2dp(d + 2) < 6, (3.3) 

ll^o -«(to)|| i ja 0(Hd) < e, (3.4) 
|[|V|-»e|j JV0(J) <e, (3.5) 

i/ien ttere exists u : /xR rf — >■ C solving (idt + A)u = \u\ p u with u(to) — uq satisfying 

\\\V\ s °(u-u)\\ s0(I) <e, (3.6) 
|||V| s ^|| SO(/) <i?, (3.7) 
\\\V\ s °(\u\ p u-\u\ p u)\\ N0{I) <e. (3.8) 

Proof. We prove the lemma under the additional hypothesis uo S L^,(M. d ): this 
allows us (by Theorem 13. lj) to find a solution u, so that we are left to prove all 
of the estimates as a priori estimates. Once the lemma is proven, we can use 
approximation by (R d ) functions (along with the lemma itself) to see that the 
lemma holds for u G H^(R d ). 

Define w = u — u, so that (idt + A)u> = \u\ p u — \u\ p u — e. Without loss of 
generality, assume to = inf /, and define 

A(t) = 11^1^(1^-1^)11^^^. 
We first note that by Duhamel, Strichartz, (|3.4|) . and (13.51) . we get 



,ol \s°([t ,t)) 



llivr-1 

S ll|V| s ^(t )|| L , (Rd) + |||V|*(|t.rti - m\\ NO([t0tt)) + |||V|-e|| WO(/) 
<e + A(t). (3.9) 

Using this fact, together with Lemma [2. 5 1 (|3.3[) . and Sobolev embedding, we can 
estimate (with all spacetime norms over [to,t) x R d ) 

A (t) ^ ||M Sc (|M + W\ P (U + w) - \u\ P u)\\ p(d+2) 2d P (d+2) 

T 2(p + l) , d 2 p + 6dp-8 
~ llM^II p(d + 2) 2dp(d + 2) ||w|| P p(d + 2) 

+ ||M SC HI P(d + 2) 2dp(d + 2) 1 1 €t + W\\ P „(d+2) 
L~ t 2 £ d2p + 2dp-8 Lf x 2 

< 5[e + A(t)] p + [e + A(t)][S p + (e + v4(i)) p ]. 

Thus, recalling p > 1 and choosing (5, e sufficiently small, we conclude A(t) < e for 
all t £ I, which gives ([3T5]) . Combining (pO]l with (|3~9| . we also get (|3T6]) . Finally, 
we can prove (|3. Tj) as follows: by Strichartz, (|3.6j) . (|3.2p . ()3.5|) . (|3.3p . the fractional 
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chain rule, and Sobolev embedding, 

||ivr c w|| S0(/) ^ ||ivi sc (u- u)\\ S0(I) + hivi sc m|| S0(/) 

<£+ |||V| S ^(to)|| iS(a(i) + \\N\ Sc (\u\ P u)\\ N o {I) + l|l V | S ° e Lo (J) 

p(d + 2) 2dp(d+2) 



< e + E + II I V| Sc -u|| , d+21 2d P (d+2) ||u|| p P (d+2) 



f\"T^; — ^ ; : — 

L~^~Lf p+2dp - 8 {i> 
<E + e + S p+1 
< E 

for e and (5 sufficiently small depending on E. □ 

With Lemma 13.31 established, we now turn to 

Theorem 3.4 (Stability). Fix {d,s c ) satisfying (jf .5[) . Let I be a compact time 
interval and u : I x M. d — > C a solution to 

{id t + A)u = \u\ p u + e 
for some function e. Assume that 

IHL r ij- (/xRd) < E, (3.10) 

S/(u) < L. (3.11) 
ie< to € I and uq € H^. c (R d ). Then there exists E\ = £i(E, L) such that if 

||u — "(*o)||jy S o (Kd) < £, (3.12) 

|||V| s <e|Uo (J) <£ (3-13) 

/or some < e < ei, i/ien £/iere exists a solution u : IxM. d — » C £o (i<9t+A)it = |u| p u 
wi£/i u(fo) = Mo satisfying 

\\M s *(u-u)\\ s0(I) <C(E,L)e, (3.14) 

|||V| s ^|| SO(/) <C(E,L). (3.15) 

Proof. Once again, we may assume to = m f ■ To begin, we let ij > be a small 
parameter to be determined shortly. By (|3.11[) . we may subdivide / into (finitely 
many, depending on r\ and L) intervals Jk = [tk, tk+i) so that 

\\u\\ p(d+2) ~ 7] 

for each fc. Then by Strichartz, (|3.10p . (|3.13p . and the fractional chain rule, we 
have 

IIm^U^ £ lli v i Sc "(^)ll^(^) + HM Sc (i^)Lo (Jfc) + \\M s °e\\ N0{Jh) 

<E + |||V| Sc u|| qn m ll"ir p< d + 2 ' + £ 

<E + e + rf\\\V\^u\\ SO{I) . 
Thus for e < E and rj sufficiently small, we find 

llM s ^|| S o (Jfc) <£- 

Adding these bounds, we find 

|||V| s ^|| s0(/) <C(E,L). (3.16) 
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Now, we take 6 > as in Lemma 13.31 and subdivide / into finitely many, say 
Jo = Jo{C(E,L),S) intervals Ij — [tj,tj+i) so that 

I|m sc "II P( d+2) 2dp ( d+2) < s 

L~T^ Lf p+2dp - 8 (J, xR<*) 

for each j. We now wish to proceed inductively. We may apply Lemma l3.3l on each 
Ij, provided we can guarantee 

-^(*i)||ijsc (R rf) ^ £ ( 3 - 17 ) 

for some < e < Eq and each j (where £q is as in Lemma I3.3[) . In the event that 
(|3.17|) holds for some j, applying Lemma 1331 on Ij = [tj,tj +1 ) gives 

\\M^(u~u)\\ s0(Ij) <C(j)e, (3.18) 

|||V| s ^|| SO(/j) <C(j)E, (3.19) 

\\\V\^(\u\Pu-\u\Pu)\\ N0(Ij) <C(j)e. (3.20) 

Now, we first note that (|3.17|) holds for j = 0, provided we take E\ < £q. Next, 
assuming that (|3 . 1 7[) holds for < k < j — 1, we can use Strichartz, (|3.12[) . (|3.13l) . 
and the inductive hypothesis (|3.20l) to estimate 

— ^(^i ) II jj^jo 

< || M (t ) -u(t )||^ (Kd) + |||V|^(| U |^- |«|^)|| 7VO([toij)) + HlVl^ell^^^^^ 

3-1 

<e + J2 c ( k ) £ + £ 

k=0 

< £0, 

provided e\ = £\{eq, Jo) is taken sufficiently small. Thus, by induction, we get 
(|3.18[) and (|3.19p on each Ij. Adding these bounds over the Ij yields (|3.14[) and 
(l3~T5l) . □ 

Remark 3.5. As mentioned above, with this stability result in hand, we can see 
that Theorem 13.11 holds without the assumption uo G i^(M d ). Using this updated 
version of Theorem 13.11 (along with the original proof of Theorem 13. ip , one can 
then derive Theorem 11.41 We omit the standard arguments; one can refer instead 
to 019]. 



4. Reduction to almost periodic solutions 

The goal of this section is to sketch a proof of Theorem 1 1.1 21 We will follow the 
argument presented in (32 Section 3] . By now, the general procedure is fairly stan- 
dard; see, for example, [25l |26l |27l EU [53] for other instances in different contexts. 
Thus, we will merely outline the main steps of the argument, providing full details 
only when significant new difficulties arise in our setting. 

We suppose that Theorem 11.31 fails for some (d,s c ) satisfying (|1.5[) . We then 
define the function L : [0, oo) — >• [0, oo] by 

L{E) := sup{S7(u) : u : I xM. d -» C solving (HH) with sup |K*)||L>e fH <r 1 < E }-. 
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where Si(u) is defined as in (|1.2|) . We note that L is a non-decreasing function, 
and that Theorem 1 1 .41 implies 

pfd+2) 

L(E) < for E < r) , (4.1) 

where r/o is the small-data threshold. Thus, there exists a unique 'critical' threshold 
E c G (0, oo] such that L(£) < oo for £? < E c and L(£) = oo for E > E c . The 
failure of Theorem 11.31 implies that < E c < oo. 

The key ingredient to proving Theorem ll,12l is a Palais-Smale condition modulo 
the symmetries of the equation; indeed, once the following proposition is proven, 
deriving Theorem II. 121 is standard (see [35]). 

Proposition 4.1 (Palais-Smale condition modulo symmetries). Let (d,s c ) satisfy 
(|1.5[) . Let u n : I n x Mr C be a sequence of solutions to (|1.1|) such that 

limsupsup || Un(<) || ^«c fR d^ = E c 

n— >-oo teJ„ 1 

and suppose t n G /„ are suc/i i/iai 

lim 5 , [t„, sup /„)(ur0 = Hm Sjw / t i (u„) = oo. (4.2) 

n— >oc n—>oo 

Then the sequence u n (t n ) has a subsequence that converges in H^{R d ) modulo 
symmetries; that is, there exist g n G G such that g n [u n {tn)] converges along a 
subsequence in H^, c (M. d ), where G is as in Definition \2.12\ 

We now sketch the proof of this proposition, following the argument as it appears 
in [32j . As in that setting, the main ingredients will be a linear profile decomposition 
(Lemma l2.14l in our case) and a stability result (Theorem l3.4l in our case). However, 
as we will see, combining fractional derivatives with non-polynomial nonlinearities 
will present some significant new difficulties in our setting when it comes time to 
apply the stability result. 

We begin by translating so that each t n = 0, and apply the linear profile decom- 
position Lemma 12.141 to write 

J 

u n (0) = J29 3 n e< A <P j +w J n (4.3) 
j=i 

along some subsequence. Refining the subsequence for each j and diagonalizing, 
we may assume that for each j, we have t J n — > P G [— oo, oo]. If P G (— oo, oo), then 
we replace <j>> by e** 3A J ', so that we may take P = 0. Moreover, we can absorb 
the error e lt ™ A (j>i — <fP into the error term w^, and so we may take P n = 0. Thus, 
without loss of generality, either P n = or P n — > ±oo. 

Next, appealing to Theorem ll.4[ for each j we define : P x R d — > C to be the 
maximal-lifespan solution to (jl.ip such that 

f « J '(0) = ^' if ti = 0, 

[ scatters to <fp as t — > ±oo if P n — > ±oo. 

We now define the nonlinear profiles v 3 n : 1^ x M. d — > C by 

vi(t)=givi ((\i)- 2 t + ti), 

where 1^ = {t : (\ J n )~ 2 t + P n G L j }. Now, the decoupling of the profiles $ , 
(|2.5p . immediately tells us that the v 3 n are global and scatter for j sufficiently large, 
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say j > Jo; indeed, for large enough j , we are in the small-data regime. We want 
to show that there exists some 1 < jo < Jq such that 

lim sup S [0 sup Ii0 ) « ) = oo. 



(4.4) 



Once we obtain at least one such 'bad' nonlinear profile, we can show that in 
fact, there can only be one profile. To see this, one needs to adapt the argument 
in [321 Lemma 3.3] to see that the iT| c decoupling of the profiles persists in time 
(this does not follow immediately, as the £f* c -norm is not a conserved quantity for 
(jl.lj) ). Then, the 'critical' nature of E c can be used to rule out the possibility of 
multiple profiles. 

Comparing with (|4.3I) , one sees that once we show that there is only one profile 
(p>°, the proof of Proposition 14. II is nearly complete; one needs only to rule out the 
cases V° — > ±oo. This can be easily done by applying the stability theory; we omit 
the details and instead refer the reader to [52] , 

We turn now to proving that there is at least one bad profile. We suppose 
towards a contradiction that there are no bad nonlinear profiles. In this case, we 
can show 



5*[0,oo)«) 



< 



1 



(4.5) 



for n sufficiently large (to control the tail of the sum, for example, we recall that 
for j > Jq, we are in the small-data regime; thus we can use (|2.5[) and (|4.1[) to 
bound the tail by E c for n sufficiently large). We would like to use (|4.5I) and the 
stability result (Theorem I3.4[) to deduce a bound on the scattering size of the u n , 
thus contradicting (|4.2|) . 

To this end, we define the approximations 



By the construction of the v 3 nl it is easy to see that 

limsup ||u„(0) - M^(0)|L, ef d) = 0. 

We also claim that we have 



lim limsup5r 0)OO )(u^) < Ec 1. 



- '1° 

To see why (14.71) holds, first note that by (|2.3p and (|4.5[) . it suffices to show 

J \ J 

0. 



lim limsup 

J— too n — >oc 



To establish 



, we can first use the pointwise inequality 

.7 j 



(4.6) 
(4.7) 

(4.8) 



j=l 3 = 1 

along with Holder's inequality to see 

p(d + 2) , 
I) 3 II 2 

v n || p(d+2) 



-lL.fcl 



([0,oo)xR d ) 



|^n u n|| p(-i+ 2 ) 



"([o,oo)xn 



(4.9) 



INTER-CRITICAL NLS: CRITICAL TT-BOUNDS IMPLY SCATTERING 



21 



Then, following an argument of Keraani (cf. (281 Lemma 2.7]), given j ^ k, we can 



approximate v 3 and v by compactly supported functions in 
asymptotic orthogonality of parameters (|2.4[) to show 



limsup ||u^'W„ P (d- ■ 



= 0. 



l d and use the 



(4.10) 



"t.P 3 ([0,oo)xL , 

Thus, continuing from (|4.9p . we get that (|4.8I) (and therefore (|4.7p ) holds. 

With (|4.6|) and ()4.7j) in place, we see that if we can show that the u J n asymptot- 
ically solve (|l.ip . that is, 

0, 



lim limsup |||V| Sc [(i<9 t + A)u;[ 



\u J \ p u J ] II 

l"nl «nj ||jvo([o,tx))) 



then we will be able to apply Theorem 13.41 to deduce bounds on the scattering size 
of the u n . Writing F(z) — \z\ p z, the proof of Proposition 14.11 therefore reduces to 
showing the following 



Lemma 4.2 (Decoupling of nonlinear profiles). 

J J 



lim limsup 

J-y<x> n->oo 



v ir(Y.'i) E^ 1 

3=1 i=i 



1 n 



0, 



Af°([0,oo)) 



(4.11) 



lim limsup |||V| Sc (F(u J n - e ltA w J n ) - F{u J n )) 



J— too 



l/V°([0,oo)) 



0. 



(4.12) 



While many of the ideas needed to establish this lemma may be found in [3S] , we 
will see that new difficulties appear in our setting. Consider, for example, (|4.11l) . 
In the mass-critical setting, i.e. s c = 0, one has the pointwise estimate 



J 

£- 

3=1 



J 

E 

3 = 1 



< 



jJ2 

3^k 



(4.13) 



To see that the contribution of the terms on the the right-hand side of (14. 13)) is 
acceptable, one can follow the argument of Keraani just described above; that is, 
one can use the asymptotic orthogonality of parameters to derive an estimate like 
(I4TTU1) . which in turn gives (|4~TTj) . 

In the energy-critical setting, i.e. s c = 1, one can instead use the pointwise 
estimate 



J 



3 = 1 



3 = 1 



< 



„k\P 



3^k 

A similar argument can then be used to prove f|4. 1 If) ; the key in both cases is to 
exhibit terms that all contain some v 3 n paired against some for j ^ k. 

In the energy-supercritical case, the authors of [33] were able to establish analo- 
gous pointwise estimates (in terms of the Hardy-Littlewood maximal function) for 
a square function of Strichartz that shares estimates with fractional differentiation 
operators (see 46:). With the appropriate pointwise estimates in place, the usual 
arguments can then be applied; in this way, a potentially complicated analysis is 
handled quite efficiently. The approach of [33], however, does not work in our 
setting, as it relies fundamentally on the fact that s c > 1. 

See also [26,, which deals with the case d = 3 and s c — | (in which case p = 2). 
In that setting, one also has to face the nonlocal nature of |V|5; however, by using 
the polynomial nature of the nonlinearity, along with the well-developed theory of 
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paraproducts (see [321 HE]), the authors are able to place themselves back into a 
situation where the usual arguments apply. In this way, they are able to overcome 
the difficulty of fractional derivatives while still providing a very clean analysis. 

In our case, we must deal simultaneously with a non-polynomial nonlinearity and 
a fractional number of derivatives; as we will see, this necessitates a fairly delicate 
and technical analysis. The main difficulty of our task stems from the fact the 
nonlocal operator |V| Sc does not respect pointwise estimates in the spirit of (|4.13|) . 
We will deal with this problem by opening up the proof of the fractional chain rule 
fLemma 12.41) as given in [351 §2-4]; in particular, we will employ the Littlewood- 
Paley square function (specifically, Lemma |2~2|) . which allows us to work at the level 
of individual frequencies. By making use of maximal function and vector maximal 
function estimates, we can then find a way to adapt the standard arguments. 



Proof of (|4.11[) . By induction, it will suffice to treat the case of two summands; to 
simplify notation, we write / = v J n and g = w„ for some j ^ k, and we are left to 
show 



\f + g\ p (f + 9)-\f\ p f-\g\ p g)\ 



JV°([0,oo)) 







(4.14) 



as n — > oo. 

As alluded to above, the key will be to perform a decomposition in such a way 
that all of the resulting terms we need to estimate have / paired against g inside of a 
single integrand; for such terms, we will be able to use the asymptotic orthogonality 
of parameters (|2.4|) to our advantage. 

We first rewrite 

\f + g\ p (f + a) -\f\ p f-\g?9 

= (\f + g\ p -\f\ p )f + (\f + g\ p ~\g\ p )g- 

By symmetry, it will suffice to treat the first term. We turn therefore to estimating 

\\M s °[(\f + g\ p -\f\ p )f]\\ ™. 

J " r d+i 



By Lemma |2~21 it will suffice to consider 



(j2\ NSc M(\f- 



\f\ p )f}\ 



1/2 



2(d + 2) 



(4.15) 



Thus, we restrict our attention to a single frequency N e 2 Z . We let 5 y f(x) :— 
f(x — y) — f(x), and let ip denote the convolution kernel of the Littlewood-Paley 
projection Pi. As -^(O) — 0, we have 

fi>(y)dy = 0, 

so that exploiting cancellation, we can write 

PN([\f(x)+g(x)\*-\f(x)\*]f(z)) 

= fN d iP(Ny)6 y ([\f(x)+g(x)\P - \f(x)\']f(x)) dy. (4.16) 
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We now rewrite 
6 y ([\f(x) + g(x)\i>-\f(x)F]f(x)) 

= Syf(x) [\f(x -y) + g(x -y)\*- \f(x - (4.17) 

+ f(x) [\f(x) + g(x -y)f- \f(x) + g(x)\>] (4.18) 

+f(x) [\f(x - y)+g(x - y)\*-\f(x - yW + \f(x)\"-\f(x)+g{x - y )\r] . (4.19) 
We estimate each term individually. First, we have 

16331 < \S y f(x)\ \g(x - y)\ {\f(x - y)^' 1 + \g(x - y)]^ 1 } . 
Next, we see 

leaan ;$ \m\ \s v g(x)\ {i/wr 1 + \gwr- 1 + w - ^r 1 } • 

We now turn to (|4. 19[) . First, if 1 < p < 2, a simple argument using the fundamental 
theorem of calculus implies 

l^MlZimWSyfWWgix-y^- 1 

(see Lemma [A. II for details). For p > 2, one instead hnds 

USUI < 1/0*01 \Syf(x)\ \g(x - y)\{\f(x)r 2 + \f(x - y )r 2 + \g(x - y)r 2 } . 

Remark 4.3. Let us pause here to note that if p = 1, the approach above breaks 
down. Notice that each term in the bounds for (|4.17|l . (|4.18|l . and (|4.19|) has 
two essential properties: (i) it features / paired against powers of g, and (ii) the 
derivative (in the form of S y ) lands on either / or g. When p = 1, the same approach 
does not yield a decomposition that is satisfactory in this sense; it is for this reason 
that we have excluded the case (d, s c ) = (5, ^) from this paper. 

To ease the exposition, we will restrict our attention here and below to the more 
difficult case 1 < p < 2; once we have dealt with this case, it should be clear how 
to proceed when p > 2. 

Collecting terms, we continue from (|4.16[) to see 

\P N ([\f(x)+g(x)f-\f(xW]f(x))\ 
< J N d \^(Ny)\ \S y f(x)\ \g(x - y)\ {\f(x - y)]^ 1 + \g(x ~ y)]^ 1 } dy (4.20) 

+ J N d \i,(Ny)\ \f(x)\ \6 v g(x)\ {Ifix^ + lgix^ 1 + \g(x - y)]^ 1 } dy (4.21) 

+ [N d \i,(Ny)\ \f(x)\ \S y f(x)\\g(x -y^dy. (4.22) 

One can see that we are already faced with several terms to estimate; moreover, 
to estimate any single term will require further decomposition. However, in the 
end, the same set of tools will suffice to handle every term that appears. Thus, let 
us deal with only (|4.20[) in detail; once we have seen how to handle this term, it 
should be clear that the same techniques apply to handle (|4.21[) and (|4.22j) . 

Turning to (|420]l . we hrst write 

62© = / N d $(Ny)\ \S y f(x)\ \g(x - y)\ \f(x - y)\^ dy (4.23) 

+ jN d \^(Ny)\ \S y f(x)\ \g(x-y)\Pdy. (4.24) 

For both of these terms, we will need to make use of some auxiliary inequalities in 
the spirit of [48l §2.3], which we record in Lemma TA. 2 1 
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We turn to P~23]) . If we first write 

\S y f(x)\ < \f >N (x)\ + \f >N (x -y)\+Yl \*vfK(x)\, (4.25) 

K<N 

then putting Lemma lA.21 to use, we arrive at 

(1123 < \f >N {x)\ M(g l/r^ix) (4.26) 

+ M(f >N g\fr 1 )(x) (4.27) 

+ §M(f K )(x)M(g\fr 1 )(x) (4.28) 

K<N 

+ §M(M(fK)g\fr 1 )(x). (4.29) 

K<N 

Similarly, we can decompose 

mM<\f>N(x)\M(\g\n(x) (4.30) 

+ M(f >N \ 9 n(x) (4.31) 

+ E §M(f K )(x)M(\ 9 n(x) (4.32) 

+ £ §M(M(f K )\g\P)(x). (4.33) 

Let us now consider the contribution of (|4.26[) to the left-hand side of (|4.14l) . 
Comparing with (|4.15j) . we see it will suffice to estimate 

IKEI^/^M^i/r 1 )! 2 ) 172 ! 



2(d + 2) 

L. ?+ 4 



Using Holder's inequality and maximal function estimates, we can control this term 

by 

IKEI^M 2 ) 172 ! lliflii/rj <±a. 

1 1 \ ( J I 1/ " j- d " 1 1 r 2 



T d L 

We now recall that / — v 3 n and g — for some j ^ fc. Then, the first term is 
controlled by || | \7\ Sc v-j l || s0 (cf. Lemma |2~2"|) . which in turn is bounded (recall that 
by assumption, all of the v 3 n have scattering size < E c ). The second term can be 
handled in the standard way; that is, this term vanishes in the limit due to the 
asymptotic orthogonality of parameters (|2.4p (cf. [28j Lemma 2.7]). Thus, we see 
that (|4.26[) is under control. A similar approach (this time using the vector maximal 
inequality) handles (|4.27|) . 

To estimate the contribution of (|4.28[) to the left-hand side of (14. 14[) , we need to 
estimate 

II(EI^ C E f^(^)^(5l/l P " 1 )| 2 ) 1/2 Lo ([0 , oo)) . (4.34) 

N K<N 

For this term, we need to make use of the following basic inequality: for a nonneg- 
ative sequence {aif}xe2 z an d < s < 1, one has 

E^IEW^E^w 2 ( 4 - 35 ) 

7V£2 Z K<N Ke2 l 
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(cf. [HI Lemma 4.2]). Using this inequality, along with Holder, we can estimate 
<||(£|* fl °Af(/*)| 2 ) 1/2 || 



MI/I 



p-i| 







A" 



as n — >• oo, exactly as before. Thus, (|4.28[) is under control; the same approach 
handles (|4.29j) (after an application of the vector maximal inequality). 

Let us now turn to (|4.30j) . As before, we sum over N £ 2 Z and find that we need 
to estimate 



1/2 



M(\g\ p ) 



2(d + 2) 



(4.36) 



Recalling that / = v 3 n and g — u„ for some j ^ k, we see that we are once again in 
a position to use the argument from [28] . To begin, we may assume without loss of 
generality that both 

1/2 



$i := (J2 \N Sc P: 



j 1 2 



and $ 2 := M(\v k \ p ) 

2(d+2) 



belong to C^°(K x R d ); indeed, C^°-functions are dense in both L t x d and 
We now wish to use the asymptotic orthogonality of parameters, that is 



/y n An 



— y oo asn-> oo, 



(4.37) 



A« A„ An A n 

to show l[OB)) -» 0. 

Consider first the case pr — S- c > (along a subsequence, say). If we unravel the 
definition of the nonlinear profiles and change variables to move the symmetries 
onto $2, we arrive at 



2(d + 2) 

muni 



+ (§) 2 (s - ft), (£)» + ^) 



d+4 



<iy (is. 



Then, recalling (|4.37|) . we see that as n — > oo, either the spatial or temporal argu- 
ment of $2 must escape the support of $j. Thus, in this case, we get (|4.36|) > 0. 



If instead we have pr — > 0, then continuing from above, we can estimate 

<ra> ;$ (^) 2 ll $ i|| INL" ■ 



As $i,$ 2 6 C C °°(R x R d ), we see that (|4.36[) >• in this well. 

A J . 

Finally, we can treat the case — > oo just like the previous case; the only 
difference is that we change variables to move the symmetries onto <f>i, instead of 
$2- Thus, we have that (I4.36[l — > in this third and final case. 

We have now shown that (|4.30|) is under control. The same ideas can be used to 
handle B3TD . HOa . and (14331 . 

As mentioned above, this same set of ideas suffices to deal with all the remaining 
terms stemming from ([4. lip . □ 
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Proof of (|4.12|) . For this term, we will need to make use ()2.3[) . As we will see, 
the terms in which e ltA w^ appears without derivatives will be relatively easy to 
handle, as (I2.3[) will apply directly. On the other hand, the terms that only contain 
|V| Sc e ItA u>j[ will require a more careful analysis; in particular, we will need to carry 
out a local smoothing argument before we can make effective use of (|2.3[) . 
Defining g := ^2j=i v n anc ^ ^ := e ltA w^, we are left to show 

lim limsup |||V|- (\9 + hf(g + h)-\g\"g) \\ N0 Woo)) =0. (4.38) 

We write 

\g + h\*>(g + h)-\g\ p g=\g + hfh (4.39) 

+ (\g + h\*-\g\*)g (4.40) 

and first restrict our attention to (|4.39j) . We proceed as before, working at a single 
frequency and exploiting cancellation to write 

\P N (\g + h\Ph)(x)\ = \ J N d $(Ny)5 y [\g(x) + h(x)ph(x)] dy\ 

< J N d \i>(Ny)\ \g(x - y) + h(x - y)\r \8 y h(x)\ dy (4.41) 
+ jN d \^Ny)\\S y [\g(x) + h(x)\P] \h(x)\dy. (4.42) 

We will deal only with (|4.41[) . which is the more difficult term. Indeed, in all of 
the terms that stem from (|4.42[) . we will have a copy of e ltA w d appearing without 
derivatives, so that (|2.3I) will suffice. (For completeness, we will later show how to 
handle such a term; cf. (|4.54l) below.) 

Proceeding as in (14. 25[) . we write 

SHI) < / N d \$(Ny)\ \g(x - y) + h(x - y)\" \h >N (x)\dy (4.43) 
+ / N d \i>(Ny)\ \g(x - y) + h(x - y)\* \h >N (x - y)\ dy (4.44) 
+ X) / Nd $( N v)\ ~V) + h ( x ~ y)\ P \5yh K {x)\dy. (4.45) 

K<N 

Let us now deal only with (I4.45[) ; in doing so, we will see all of the ideas necessary 
to handle (|4~43|) and (l4~44)) . as well. We first write 

633 J N d $(Ny)\ \g(x - y)\P\5 y h K (x)\ dy (4.46) 

K<N 

+ J2 I Nd \i>( N y)\ \Hx - y)\ p \6 y h K (x)\ dy. (4.47) 

K<N 

We only consider (|4.46l) , as the contribution of (14.471) is easier to estimate (again, 
due to the presence of e' ltA w^ l without derivatives). Employing the inequalities of 
Lemma |A.2| we find 

<»< X §M(\g\P)(x)M(h K ){x)+ X §M(\gfM(h K ))(x). 

K<N K<N 

Let us now concern ourselves only with the first term above, as the second is 
similar. As before, to estimate the contribution of this term to (|4.38j) (and thereby 
complete our treatment of (|4.39j) ). we need to sum over N s 2 Z . Using (|4.35j) and 
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recalling the definitions of g and h, we write 



'.T,\ N " £ §M(\g\P)M(h K )\ 2 ) 1/2 \\ N0 

N K<N 



<\\(J2\N s °M(h N )\ 2 ) 1/2 M(\g n] 

N L 

<||(^|iV-M(P we ^<)| 2 ) 1/2 M(|^<r)|| 

N j=l 

Thus, to complete our treatment of (|4.39|) . we are left to show 

J 



P )\\ 2(d+2) 
d + 4 



2(d + 2) 



lim hmsup ||(>" | N^M(P N e UA wi)\ 2 ) 1,z M (| > ] || X +a) =0. (4.48) 



iV 3=1 



To begin, we let 77 > 0; then using (|4.5|) . we see that there exists some J\ — Ji{i]) 
so that 

E. P(d + 2) 
U ™ p(d + 2) < ??■ 
j>Jl L *,x 

Using Holder's inequality, maximal function and vector maximal function estimates, 
and Lemma l2~2"1 we can argue as we did to obtain (|4.8j) to see 



limsup||(^|iV^M(P w e ltA ^)| 2 ) 1/2 Af(| V <| p ) 

n ^°° AT i>Ji 



d+2 
2 

2(d + 2) 



<limsup|||V| Sc e ltzx <|| Ujj > ||v»|| 



As 77 > was arbitrary, we see that to establish (|4.48j) . it will suffice to show 

itA„..J\|2Nl/2 , 



2(d+2) 



lim Urn sup ||( V \N s °M(P N j tA w J n )\) 1 M(K| P )|| 2^=0 (4.49) 

J^oc n-j.00 ^— ' " it d+4 

for 1 < J < Ji. 

Restricting our attention to a single j and recalling the definition of v 3 n , we 
change variables and find we need to estimate 

A 

We will now carry out some reductions, inspired by the proof of [281 Proposi- 
tion 3.4]: as M{\v^\ p ) shares bounds with |i; J '| p , and u J obeys good bounds (it has 
scattering size < E c ), we may replace M(|w J | p ) with some function $ in C c 00 (ixl <! ). 
If we then use Holder's inequality, we find it suffices to estimate the first term in 
h\ x (K), where K is the (compact) support of this function $. The next step will 
be to use a local smoothing estimate on this (fixed) set K. Now, the norms that will 
appear in these estimates will have critical scaling; that is, they will be invariant 
under the change of variables that eliminates the parameters A^, x J n , and P n . Thus, 
without loss of generality, we will ignore them from the start. 

To establish (|4.49[) and complete our treatment of (|4.39p . we are therefore left 
to show 

lim lim sup ||( V \M(N s "P N e ltA wi)\ 2 ) 1/2 \\ L2 , = (4.50) 

J— >00 n _j.oQ t,x\ J 
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for a fixed compact set K C R x M. d . 

To establish (|4.50|) . we will need to rely on the fact that we are working on a 
compact set, so that we can carry out a local smoothing argument. Indeed, the term 
appearing above is morally like |V| s °e «;^, over which we do not have sufficient 
control (cf. (|2.6[1 ). However, we do have good control over e ltA w^, in the form of 
(|2.3|) . Thus, to succeed, we need to find a way to estimate the term above using 
fewer than s c derivatives; this is exactly the role of local smoothing. 

For the proof of (|4.50[) . we will use a standard local smoothing result for the 
free propagator (Lemma 12. 9[) , along with a few results from Chapter V] . In 
particular, we need the following: if we choose e > so that —d < — 1 — e, then 
is an A2 weight, so that M is bounded on L 2 (|a;|~ 1-e dx). 

Proof of (|4~50l> . We can write K C [-T, T] x {\x\ < R} for some T, R > 0. We fix 
some Nq S 2 z and break into low and high frequencies: 



// ^\N' e M(P N e itA wZ)\*datdt< ^ // \M(N s "P N e itA w^)\ 2 dx 

N JV<jV K 



dt 



+ \M(N s "P N e UA w^)\ 2 dxdt. 

N>N K 

For the low frequencies, we use Holder and maximal function estimates to write 
X) // \M{N s *P N e ltA wi)\ 2 dxdt 

Af<AT K 

E p(d + 2)-4 d(p(d + 2)-4) . . , 2 

r Ud+2) R p(d+i) \\M(N Sc P N e ltA wi)\\ pid+2) 

N<N Lt ' T 

<K X N 2s °\\e UA wj\\ 2 ett+z 

N<N L *' x 

11 n H t:X 2 

For the high frequencies, we choose e > so that —d < —1 — e. Then, using Lemma 
Bernstein, and the fact that |x| _1_e G A%, we can estimate 



N>N 



X // \M{N s 'P N e ltA wi)\ 2 dxdt 



N>N 



<R 1+£ X) / / \M(N s -P N ^ tA w J n )\ 2 {x)- 1 - e dxdt 



< 



K 



N>N 



X N 2s < I I \P N e a ^wi^ {x)- 1 ' 6 dxdt 



<k X N 2s *\\\V\-ip N wi\ 



N>N 



,J\\ 2 



<x x ^-iivr^i 



<i^-i||| V |^||* 
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Optimizing in the choice of No now yields 

II ( I A,T ( AT s c P c «*A ,,Jn| 2 \ 1 / 2 || < II itA„„J\\ 2SC + 1 ||„„J|| 2s c + l 

\\(2_s\M{Jy P N e w n )\ ) \\ L 2j K) <K \\e w„\\ v(d + 2) \\w n \\ ^, c(pdy 

which, by gives (|4T5U1) . □ 

We have now dealt with (|4.39p . and so we finally turn to (14.40)) . As usual, we 
first restrict our attention to a single frequency N. We have dealt with a term of 
this form before (cf. (14.161) ); proceeding in exactly the same way, we arrive at 



\P N ([\g(x)+h(x)\*>-\g(xW}g(x))\ 

< J N d $(Ny)\ \S y g(x)\ \h(x - y)\{\g(x - y)^ 1 + \h(x - y)^ 1 } dy (4.51) 

+ / N d \ip(Ny)\ \g(x)\ \5 y g(x)\ \h(x - y)^ 1 dy (4.52) 

+ fN*${Ny)\ \g(x)\ \S v h(x)\ {Igix)^- 1 + \h(x)\P~ l + \h(x - y)^ 1 } dy, (4.53) 

at least in the case p < 2 (as above, we will only consider this case) . 

Note that all of the terms above are similar to terms we have handled before. 
Thus, we proceed in the same way, decomposing terms exactly as before. Whenever 
a term includes a copy of e ztA w d without derivatives, things will be relatively 
straightforward, as one can rely on (|2.3|) (see (|4.54[) below for details); for the one 
term stemming from (I4.53|) in which e ztA w^ only appears with derivatives, we have 
to go through the same local smoothing argument given above (cf. the proof of 

Thus, to conclude the proof of (|4.12p . we will see how to estimate the contribution 
of the term 

f N d \iP(Ny)\ \S y g(x)\ \h(x - y)\ \g(x - y)\P~ l dy. (4.54) 
Estimating \S y g(x)\ as before, we find we need to bound the terms 

Mihlgf-^N + Mihlgir^N) 

+ fMihlgr^MigK) + £ M {h^ 1 M (g K )) . 

K<N K<N 

Let us now see how to handle the contribution of the first term only, as the other 
three are similar. We begin by summing over N G 2 Z and recalling the definitions 
of g and h; then, using Holder, maximal function estimates, and Lemma 12.21 we 
can argue as we did to obtain (|4.8[) to see 

lim limsup||( V |^ 5>J v| ) 7 M^lgr 1 )!! 2 ^ 



J P (d + 2) P (d+2) J p(d + 2) 



< hm limsup|||V|-(^<)||^ 2) ||e^||^ 2) £ 



J— ¥00 rWOO ~ : T d T 2 : r 

3 = 1 L i,i j = l u t 



3 

Tl I p(d+2) 



(4.55) 
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We turn to estimating the first term above. We first write 
,/ 

lim limsup |||V| Sc ( > vl)\\ 2(d+2) 

3=1 

< lim limsup ( V IIIVI^^H 2 ^) +V |||Vr B t£|V|" e t;*|| <*±A (4.56) 
J->oo n^oo ~rt lTs J 

Arguing as we did to obtain (|4.10p . we immediately get that 

lim lim sup V |||V| Sc ^|V| Sc ^|| d+2 = 0. (4.57) 

Next, we let rj > 0; then, using (|2.5[) . we can find J(r)) > so that 

y llivivni s <»7. 

3>J(V) 

Taking 77 sufficiently small and applying a standard bootstrap argument, we find 

y |||V| S X|| 2 ^ < y |||V|V||i s <V- (4-58) 

i>/(n) L *- x j>J(v) 

On the other hand, the fact that each v° n has scattering size < E c implies 

y |||V|*«<|| 2 2^1. <b„1. (4-59) 
,•=1 

Combining (|4.57p . (|4.58|) . and (|4.59p . we can continue from (I4.56|) to see 

J 

lim limsup II |V| Sc ( > 2(^+2) < E 1. 

j = l 

Thus, continuing from (|4.55|) and using (|4.5|) and ()2.3[) . we find 

■L p(d+2) p(d + 2) J p(d + 2) 

lim lim sun II I Vl Sc f \^ ?; 3 II 5I5 ^ riy \\p itA in J \\ 2(p ~ 1) X^ll^'ll^ - - f) 
1UU musup || | v | V / j v n) II 2(d+2) || K w n\\ p(d+2) / , \ \ u n\\ y{d+2) — »■ 

as needed. This completes the proof of (|4.12[) . □ 

Having established f|4. 1 1[) and (|4.12p , we are now done with the proof of Lemma 
as well as the sketch of the proof of Proposition ^. 11 



5. Long-time Strichartz estimates 

In this section, we prove a long-time Strichartz estimate. Such estimates were 
first developed by Dodson [T7] in the study of the mass-critical NLS, but have since 
appeared in the energy-critical setting (see |361 157] ). In this paper, we establish a 
long-time Strichartz estimate for the first time in the inter-critical setting, model- 
ing our approach after [TTl |36j [57] . The long-time Strichartz estimate will be an 
important technical tool in Section [6l in which we rule out rapid frequency-cascade 
solutions, as well as in Section [71 in which we establish a frequency-localized inter- 
action Morawetz inequality. 
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We will prove long-time Strichartz estimates for (d,s c ) satisfying (|1.5|) . This 
guarantees p > 1, which simplifies the proof. Actually, as we will point out below, 
the same ideas can be used to handle (d, s c ) = (5, in which case p = 1. 

Proposition 5.1 (Long-time Strichartz estimates). Take (d,s c ) satisfying (|1.5[) . 
Let u : [0, T max ) xM. d C be an almost periodic solution to with N(t) = > 
1 on each characteristic subinterval Jk C [0,T max ). Then on any compact time 
interval I C [0,T max ), which is a union of contiguous characteristic subintervals 
Jk, and for any N > 0, we have 

|||V| S '=M<Ar|| _2d_ <J + JV 2s '-k5, (5.1) 

L 2 L^ 2 (IxM d ) 

where K := Jj N(t) 3 ~ iSc dt. Moreover, for any e > 0, there exists No = Nq(e) such 
that for all N < N , 

|||V| s °<it<J| _2d_ <„e(l + N 2s '-^K^). (5.2) 

~ L 2 l" (IxR d ) 



We also note that the implicit constants in (|5.ip and (|5.2I) are independent of I. 

Proof. Fix a compact interval / C [0,T max ), which is a contiguous union of char- 
acteristic subintervals Jk', throughout the proof, all spacetime norms will be taken 
over I x M. d unless stated otherwise. Let 770 > and 77 > be small parameters to 
be chosen later, and note that by Remark ll.8[ we may find c = c(r/) so that 

\\N\ Sc u<cN(t)\\ LrL 2<V- (5-3) 

For N > 0, we define 
A(N) := \\\V\ Sc u <N \\ 2d and A k (N) := II |V| Sc u<jv|| ^ 

" ~ " L\LT^ (IxR d ) " ~ " L 2 lJ^ (J k xR d ) 

for an individual characteristic subinterval J*.. We first note that by Lemma ll.lli 
(|5.ip holds whenever N > sup JfcC/ N k - Indeed, in this case, we have 



A(N) ^ 1+ (j N{t) 2 dt 

< u 1 + (J Nitf-^N^"- 1 dt) 



< u l + N 2s --2Ki. 

We will establish (|5.1I) for arbitrary N > by induction, beginning by establishing 
a recurrence relation for A(N): 

Lemma 5.2 (Recurrence relation for A(N)). 

A(N) <u inf || \y\^u< N (t)\\ LURd) + B( V , m )N 2s °-?Ki 

M>N/r,o 

uniformly in N, for some positive constants B(j],t]q) and v. 
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Proof of Lemma \5.HH We first apply Strichartz to see 

A(N)<M\\\V\^u <N (t)\\ +\\\V\^P <N (\u\Pu)\\ 2,. (5.5) 

Our next step is to decompose the nonlinearity \u\ p u and estimate the resulting 
pieces; the particular decomposition we choose depends on the ambient dimension. 
Case 1. When d — 3, we have 2 < p < 4, and we decompose as follows: 

|m| p u = (\u\ p + \u\ p ~ 2 uu< N/rio )u >N/vo 

+ \u\ p ~ 2 u(P >cNW u< N / Vo )u< N/rio (5.6) 
+ \u\ p ~ 2 u(P< cN ( t )U< N/vo )u< N/rio . 

To estimate the contribution of the first term on the right-hand side of (|5.6[) to 
(|S"3|) . we let 

G := \u\ p + \u\ p - 2 uu< N/m 
and use Bernstein, Lemma \2.Q\ and Holder to estimate 

\\\\7\ s - P< N (Gu >N/vo )\\ L , L er, <N^-\\\\7\-i^{Gu >N/vo )\\ L , Ll/ , 

<tf*'i|V|W?|| ^|||V|-^ U>JV/t;o || L;L6 



lip — 4 



<|||V|i-G|| * E (5-7) 



M>N/r, 



To estimate the contribution of the first term above, we first use the fractional 
chain rule and Sobolev embedding to see 

|||V|K| U |P|| _L2^ < Ikf" 1 3 P |||V|^ C U|| _12n < |l|V| >0 u||r. ra <u 1, 

while by the fractional product rule, the fractional chain rule, and Sobolev embed- 
ding we get 



\\V\^ S "(\u\ P 2 UU< N/r}0 )\\ 12^ 



up- i 



< Hull ^|||v|W|d p - 2 u)|| i2 P + \\u\\ p 1 3» |||v|^ c m|| 

S llMNL t ^ll<; 2 i? llMM iri ^ + HIVING 

£ lllvi^H^ 
<« 1. 

Thus, continuing from (|5.7j) . we see 

|||V| Sc P<jv((|m| p + \u\ p ^ 2 uu< N/vo )u >N/vo )\\ L ^ L 6/ 5 

S E ($) |SC ^W (5-8) 

M>N/r,o 



Next, we turn to estimating the contribution of the second term in (15. 6ft to ([57 
We begin by restricting our attention to an individual x K d . Note that we only 
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need to consider the case cNk < N/tjo; in this case, we can use Bernstein, Holder, 
Sobolev embedding, Lemma 11. 11[ and the fact that s c > \ to estimate 

|||V| s< =P<Ar(|u| p_2 u(P >c Ar fc U< A r /)?0 )u< 7v/t?0 || L?i 6/5 

< N Sc || \u\ P ^ 2 u(P >cNk U< N / Vo )u< N/rlo 1 1 £2 £8/5 

< iV Sc ||u|| p 3p ||-P>cJV t; w< A ,/^ || LlL 3 ||u<jv/^ 



' T 4 r < 



2 



<„^ Sc (cjV fe )-^|||V| s ^<^ /7)0 || i4L3 



< U S(^%)(£) 2SC " 5 (5.9) 

for some positive constant B(r),rio). Summing the estimates ()5.9|) over the charac- 
teristic subintervals Jk C I then gives 

\\N\ Sc P<N(\u\ p ~ 2 u{P >cN ( t) u< N/v Ju< N/v J\\ L 2 L6 j & 

<„B(Mo)^^^ (5.10) 

Before proceeding to the next term in (|5.6p , we note that in obtaining estimate (|5.9|) , 
we could have held onto the term || | V\ Sc u<N/r) || L 4 i3 , which (by interpolation) we 
can estimate by 

M - ii - 

|| M Se U< N/r , || L 4 L 3 < || N\ Sc U< N / Vo \\l rL 2 || M Scu <N/r, \\l2 L e 

- 

<u IIIV^W^Af/^ollL^L^- 

In this case, summing the estimates yields 

|||V| Sc P<Ar(|u| P_2 u(P >cA r(t)M< A r/ I)0 )w< A r/, )0 )|| L 2 L 6/5 

< u sup || | VI^u^jv/.^ || * r ^ (/fcXRd) i?( ? 7, 77o)A^ 2 ^-iiri . (5.11) 

This variant of (|5.10l) will be important when we eventually need to exhibit small- 
ness in (|5.2p . 

To estimate the contribution of the final term in (|5.6[) to (|5.5[) . we begin with an 
application of the fractional product rule and Holder to see 



|||V| Sc P<Ar(|u| P u(P< cN ( t) U< N/ria )u< N/rl0 )\\ L 2 L 6/5 

< |||V| Sc (|m| P_2 m)|| ej,\\P<cN(t)U<N/na\\ J^\\u<N/ V0 \\ <^ ( 5 -12) 

+ \\u\\ P 3p |||V| Sc P< c jv(t)U<Ar/r )0 ||,-4r3 || u <Af/r ?0 || -§21- (5.13) 

+ \\ U \\ P 3p ||P<cAf(t)W<AT/»7o|| 4j2. || |V| Sc U<jv/ no \\ L 3 L e • (5-14) 

We first note that by the fractional chain rule and Sobolev embedding, we get 

|||v| Sc (M p - 2 m)|| 6 P < |U| P ~ 2 3„|||v| s ^|| roor2 < u i. 
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Using Sobolev embedding, interpolation, and (|5.3[) . we also see 

-P<cJV(t)W<JV/n ,2E- i5 \\\^\ S ' : P<cN(t)U<N/rio r4r3 

ii — L 4 L — — 

1 l 
< || | V| Sc P< c jv(t)U<Af/ J 7o ||i~L 2 || l^ 7 | Sc -P<cJV(t) u <A r /»)o ||l?L 6 

< 

Estimating similarly gives 



\ U <N/ Vo 



Plugging these last three estimates into (|5.12|) . (|5.13|) . and (|5.14[) and employing a 
few more instances of Sobolev embedding and (|5.3[) hnally gives 

\\\V\ Sc P< N (\u\ p - 2 u(P< cN{t) u< N/r Ju< N/no )\\ L 2 L 6 /5 < u V^M§)- (5-15) 

Collecting the estimates (|5.8p . f|5.10[) . and (|5.15l) . we see that in the case d = 3, the 
estimate (|5.5p becomes 

A(iV) < u inf ■ || |V| s «u< iV (t)|| i2(R<il + B( v ,r) )N 2s °-?K? 

+ E (TlY^MM). (5.16) 

M>N/r,o 

Comparing (|5 . 16[) to (|5.4p . we see that Lemma T5 . 2 1 holds for d = 3. 

Case 2. In this case, we have d £ {4,5} and -rf^- < p < -A^, with both 
inequalities strict for d = 5. In particular, we have 1 < p < 2. 

Again, we wish to decompose the nonlinearity and continue from (|5.5j) . This 
time, we decompose as follows: 

\u\ p u = \u\ p u >N/ri0 

+ \u>cN(t)\ P P<cN(t)U< N / no (5.17) 
+ \u>cN(t)\ P P>c.N(t)U<N/, l0 
+ (M P - l u >c7V(t)| P )w<AT/ % - 

We estimate the contribution of the first term on the right-hand side of (|5.17[) to 
similarly to the case d = 3; in particular, by Bernstein, Holder, and Lemma[! 



we have 

\\M s ^P<n(\u\ p u >n/vo )\\ ^ 

<N^\\\\7r^(\u\ p u >N/ J\ 



Li Li 



i oo LP (d + s)-4 II' /V ° U L 2 t LF^ 



<llivi*-itirii E (§r Sc MM). (5.i8) 

Lx M>N/no 

As we can use the fractional chain rule and Sobolev embedding to estimate 
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we can continue from (|5.18|) to get 

\\M^P< N (\u\Pu >N/vo )\\ 2 ^ < u Yl (§V Sc A(M)- (5-19) 

Ltix M>N/ Vo 

Next, we turn to estimating the second term in (|5 . 1 7[) to (|5.5[) . Restricting our 
attention to an individual characteristic subinterval we first apply Bernstein, 
Holder, and the fractional product rule to see 

\\\V\ ac P< N {\u >cNk \ p P< cNk u< N/vo )\\ 2d 



<N s c-*\\\V\*(\u >cNk \ p P< cNk u< N/vo )\\ « 



<N s "-i\\\\7\i\u >cNk \ p \\ 2d P ||P< cA r fc u<jv/„ l| 2dp (5.20) 

1 .. ||p 1 1 i 

+ N Sc ~* \\u>cN k \\ ld p 2 |V| :3: -P<eJV fc M<Af/ Tin 4d£.. (5.21) 

i 4p i |(2d+5)-8 h\hl~ V 

Using Holder, the fractional chain rule, Sobolev embedding, Bernstein, interpola- 
tion, (|5.3p . and Young's inequality, we can estimate 

(J52201) < N S "-i\\u >cN J| P_1 dp II |V|ili> c AT J 2d |||V| Sc P< cA r fc M< A r / , ) J| 2d 

< u N s ^^(cN k )i^ || | Vr^ >cWfc || _2d_ 



X |||V| Sc P< c JV fc M<Ar/, )0 ||2oo L 2|||V| Sc M<Ar /l)0 | 



if" 



for some positive constant P(f?). Using Lemma Tl. Ill as well, we can estimate simi- 
larly 

(E2ID < N^-i(cN k )i-^\\\V\^-^/P U>cNk \\ P 4dp 2 



L 4p L p(2d + 5)-8 



X 1 1 | V j SC J^cATfe W<JV/7J 1 1 4 #r 



t P j~ ap- l 

II — 

X || |V| Sc P< c jv fc ^<iV/?7o IIl^L 2 II l^r Cu <^/?7o | 



<« B 



2s -I 



Collecting the estimates for (|5.20p and (I5.21[) and summing over the intervals J k C 
I, we arrive at 



\V\ Sc P<N(\u >c N(t)\ P P<cN(t)U<N/r, )\ 



2r ,3T3 



if L 



<„ J B(r ? )jV 2 ^i^+^(£). (5.22) 
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Before proceeding, we note that for both (|5.20[) and (|5.21[) . we could have instead 
estimated 

i 

\\N\ Sc P<cN k U< N/rl0 \\l rL2JJkXRd) 

II 1 II - 

< ||l V r Cu <cAfJi ri 2 (JfcXR d ) |||V| Sc M< A r / ^J|^ OOL 2 (JfcXR d ) 

Sv i \\W'"u<N/m\\l r >LUJ h xSL*y 

If we had done this, upon summing we could have ended up with the alternate 
estimate 

\\\^\ Se P<N(\u >c N(t)\ P P<cN(t)U<N/r, )\\ ^ _2d^_ 

< sup |||V|-ti<^||J d B( V )N^-iKi + V *A(%). (5.23) 

J k Cl x 

This variant of (|5.22[) will be important when we need to exhibit smallness in (|5.2I) . 

To estimate the contribution of the third term in (|5.17[) to (|5.5|) . we first define 
the following: 

:= e [0, 1), a:= ™ 2+2 %%~^ d+1)+48 € (0, ..), 

Adp(dp-8) 4dp(rfp-8) 

Tl : ~ p 2 (ci 2 -2d-2)+p(28-8d)-16' r 2 :_ p 2 (d 2 +2d-2) -4p(2d+l) - 16 " 

With this choice of parameters, we have 

s c + 6{^-s c ) = 2s c -\, 

-6{s c + ±) - 2a(l -0) = -(2a c - \) 

and (by Sobolev embedding) 

H Sc -^2 ^ H rT ^ ri l H Sc ' 2 <-} H' J ' r2 . 

Then restricting our attention to an individual Jfc, we can use Bernstein, Holder, 
the bilinear Strichartz estimate (Lcmma l2.10l) . and Sobolev embedding to estimate 

\\\V\ Sc P<N{\u >cNk \ P P>cN k U< N/rl0 )\\ a _2fr 

< A^*= ||lt >c iv fc || P dp \\u >c rf k P >c N h U<N/ no \\ t 2 

II ll 1_e Hp ll 1_e 

X \\ u >cN k \\ L 2 L n \\-r>cN k U<N/ Vo \\ LrL l2 

II ll 1_e Hp ll 1_e 

x \\ u >cN k \\ L 2 L ri \\^>cN k U< N / no \\ LrL , 2 

< u B( m )N 2 ^-^cN k )- ^+i'>- 2 ^ 1 - 9 '> 

X || I V\ a U >cNk f " || M"P >cNh U< N/rl0 WlJ^ 



uB( V ,r ]0 )^) 2Sc ~ l2 (5.24) 
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for some positive constant B(r), t]q). If we sum the estimates (|5.24j) over the intervals 
Jk C /, we arrive at 

\\\V\^P< N (\u >cN{t) \PP >cN{t) u< N/vo )\\ jm_ < u B(r,, m )N 2s °-?Ki. (5.25) 

L 2 L X 

Before moving on to the fourth (and final) term in (|5.17l) , we note that if we had 
held on to the term || \'S7\ Sc u <N / rj0 || i30i 2 when deriving (I5.24[) . then upon summing 
we would get 

|| |V| Sc P<Ar(|u >cA r( t) | p P >cA r( t )U<jv/^ )|| _2£. 

< u sup HlVr^/J^-* ^Bfano^-lKi. (5.26) 

J k ci * 

This variant of (|5.25p will be important when we eventually need to exhibit small- 
ness in (|5.2I) . 

We now turn to the final term in (|5.17p . beginning with an application of the 
fractional product rule and Holder: 

\\\V\ Sc P< N ((\u\ p ~\u >cN{t) \ p )u< N/r]Q )\\ _2*_ 

<|||V|-(H , '-|u >cW(t) | p )|| 2 dP \\u <N/vo \\ ^ (5.27) 

+ \\\u\ p -\u >cN{t) \ p \\ *\\M So u< N/ri0 \\ 2d. (5.28) 
By Lemma [231 Sobolev embedding, and f|5.3|) . we first estimate 

(E221) < |||V| Sc U >ciV( t ) || Looi2 ||M< cA r ( t ) || P ^ 1 ) 

+nivi^u< CJV(t) || i^ir 1 ^a(^) 

< u ( l r 1 +i 7 )A(g). 
On the other hand, by Sobolev embedding, Holder, and (15.31) . we get 

(|5 28[) < (||u|| P 1 ^ + ||u >cAr(t) || p 1 dp) || u< cJV (t) || *n A (%;) ~« ^(^)- 

Thus we can estimate the contribution of the final term in (15. 17|) by 

\\W-Pkn ((|u|* - | M > cW(t )|><^ ) || ^ <„ ^"^(f )■ (5.29) 

Collecting the estimates (|5.19l) . (|5.22[) . (|5.25l) . and (|5.29|) . we see that in Case 2, 
the estimate (15.51) becomes 

i i 



4(Af) <„ inf |||V| s ^<jv(t)|| iS(Ki) + B(r),r, )N 2 



77 mm 



V 1)0 

M>N/r]a 



Comparing (15.30)) to f|5 .4[) . we see that Lemma T5 . 2 1 holds for d G {4, 5}. □ 

Remark 5.3. We have omitted the case (d,s c ) — (5, |), in which p = 1; this 
scenario is not handled under Case 2 due to the use of Lemma 12.51 However, by 
using the alternate decomposition 

\u\u = \u\u >N/r]Q + - |w< c Ar( 4 )|)u<Ay ?)0 + \u< cN ( t] \ll< N / Vol 
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one can use the same ideas as above to establish the recurrence relation in this case. 



With the recurrence relation (|5.4p in hand, we can now use induction to complete 
the proof of Proposition [5TTJ First, recall that (15.11) holds for N > sup JfcCJ N^.; i.e. 
we have 



A(N) < C{u) 



1 + ^-1/2^1/2 



(5.31) 



for N > supj fcC/ Nk- Of course, this inequality remains true if we replace C(u) by 
any larger constant. 

We now suppose (|5.31[) holds at frequency N and use the recurrence relation 
(|5.4|) to show it holds at frequency N/2. Let us first rewrite (|5.4j) as 

A{N)<C{u)[l + B{ Vim )N^K^ + v »A(g)+J2 (&) K A(Mj\. (5.32) 

M>N/ Vo 

To simplify notation, we will let a :— 2s c — \ and write B(r], 770) = B; then, if we 
take 770 < \ and use the inductive hypothesis, f|5.32[) becomes 

A(§) < C(u) [1 + B(§ ) a K$ + r) u C{u)(l + ffo a ($) a «"*) 



M>N/2r) 



(1 + M a K?)] 



< C{u) [1 + B{^) a K^ + rfC{u)(l + % - a (f ) a K$) 



C(u) l + B(f) a Ki 



-C(u)[fa" + ttf* , ')C(u) 
<5(u)(^) tt idl 



'jL-'witr A 2 j- ( 5 - 33 ) 

Notice that we had convergence of the sum above precisely because s c < 1. If 
we choose 770 possibly even smaller depending on C[u), and 77 sufficiently small 
depending on C(u) and 770, we can guarantee 

{SM < C(u) [l + B( V , VQ )(§) a K^ + \C{u) [l + (f ) Q K s 

If we now choose C(u) possibly larger so that C(u) > 2(1 +B(j], T]o))C{u), then this 
inequality implies that (|5.31[) holds at N/2, as was needed to show. This completes 
the proof of (|5 . 1 1) . 

It remains to establish (|5.2j) . To begin, fix e > 0. To exhibit the smallness in 
(|5.2j) . we need to revisit the proof of the recurrence relation for A(N), paying closer 
attention to the terms that gave rise to the expression N 2Sa ~zK2 . More precisely, 
if we use (fSTTTj) instead of (|530]l : (f533| instead of (f5T22"]) ; and ([536]) instead of 
(|5.25[) ; then continuing from (|5.5j) , the recurrence relation for A(N) takes the form 

^)<«/W + /W 2s ^H^)+ {ti)^A{M), (5-34) 

M>N/no 

where f(N) has the form 



M Sa U<N\\ LrLUlxl 



+ B(r], m ) J2 sup || M ac u< N/vo \\% L 2 {JkXl 
l=1 J fc c/ 



(5.35) 
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for some 9i E (0, 1]. Here the particular values of the 9i are not important; we will 
only need the fact that each 9i > 0. Combining the updated recurrence relation 
(|5.34l) with the newly proven estimate (I5.1[) and once again simplifying notation 
via a = 2s c — i , we see 

A(N) < u f(N) + f(N)N a K? + rf(l + Vo a N a Ki) + Sc (1 + ^ a N a K^) 

< u f(N) + V V + 77 iSc + [f(N) + tAcT + Vo^^] N a K^. (5.36) 
To complete the argument, we will need the fact that for fixed 77, 770 > 0, we have 

Urn f(N) = 0, (5.37) 

which is a consequence of almost periodicity and the fact that 

inf Nit) > 1. 

te[o,T max ) 

3 s — {1 — s ) 

Then, continuing from (|5.36l) , we choose t]q small enough thatr? 2 c ' < e, 

and choose r\ sufficiently small depending on 770 so that rf + rj ~ a rj 1 ' < s. Finally, 
using (|5.37l) . we choose N = N n (e) so that f(N) < e for N < N . With this choice 
of parameters, (|5.36[) becomes 

A( N ) S e(l + N 2s ^^K^) 
for N < Nq, which completes the proof of (|5.2[) . □ 

6. The rapid frequency-cascade scenario 

In this section, we preclude the existence of almost periodic solutions as in Theo- 
rcm 1 1.131 for which ^ ma " N(t) 3 ~ iSc dt < 00. We show that their existence is incon- 
sistent with the conservation of mass. The main tool we will use is the long-time 
Strichartz estimate established in the previous section; as such, we will prove the 
following result for (d,s c ) satisfying (|1.5j) . 

Theorem 6.1 (No rapid frequency-cascades). Let (d,s c ) satisfy (| 1 . 5|) . Then there 
are no almost periodic solutions u : [0, T max ) x W 1 — > C to (jl.ip with N(t) = Nk > 1 
on each characteristic subinterval C [0,T max ) such that 

nil P {d+2) = 00 (6-1) 

i t ,x 2 ([0,T max )xK<i) 

and 

f T„„ 

N(t) 3 - 4s " dt < 00. (6.2) 

Proof. We argue by contradiction. Suppose u were such a solution; then by Corol- 
lary HHOl we have 

lim Nit) = 00, 

whether T max is finite or infinite (recall s c > i). Thus by Remark ll.81 we see 

Jkn \\\\7\^u< N {t)\\ Ll{Rd) =0 for any TV >0 . (6.3) 

Now, we let /„ be a nested sequence of compact subintervals of [0, T max ), each of 
which is a contiguous union of characteristics intervals Jk- On each I n , we will 



40 



JASON MURPHY 



now apply Proposition 15.11 specifically, for fixed 77, 770 > 0, we use the recurrence 
relation (|5.4[) . the estimate (|5.ip . and the hypothesis (|6.2|) to see 



A n (N) := |||V| Sc u< JV || 2, 

~ L^Li" (/„ xR d ) 

<«W II |V| s ^<iv(t) \\ Li{Kd) +B(ri,ri )N 2s °-? (J N(tf-^ dt 

+ E (f) is ^»w 

M>W/77o 

<«W |||Vr^<Ar(t)|| L , (Rd) +S(r,,?7o)iV 2 ^-^^ ^ N{tf~^dt 

+ E (^) K ^w 

< u inf HlVr^WL^+S^^iV^-U ^ (^) |s ^ n (M). 

M>N/ Vo 

Arguing as we did to obtain (|5.1|) . we conclude 

A n (N) < u inf \\M Sc u< N (t)\\ Lim +N 2s <-^. 

Letting n — > 00 and using (|6.3p then gives 

|||V| Sc it<Ar|| <„^ 2Sc_ ^ foralliV>0. (6.4) 

" L?L* d - 2 ([0,T max )xR") 



We now claim that (|6.4p implies 
Lemma 6.2. 

l||V| s ^< J v|L ri , ([0 , T _ )xRd) <« V a« N > 0. (6.5) 

Proof of Lemma \6.S\ Fix ./V > 0; we first use Proposition 11.141 and Strichartz to 
estimate 

To proceed, we decompose the nonlinearity and estimate the individual pieces; as 
before, the particular decomposition we use depends on the ambient dimension. In 
the estimates that follow, spacetime norms will be taken over [0,T max ) x R d . 
Case 1. When d = 3, we decompose 

\u\ p u — \u\ p ~ uu <N + (\u\ p ~ 2 uu > n + 2\u\ p ~ 2 uu<n)u > n- 

We can use Holder, the fractional product rule, fractional chain rule, Sobolev 
embedding, interpolation, and (|6.4[) to estimate the contribution of the first piece 
as follows: 
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\V\^P< N (\U\ P 2 ltlt< JV )|L 2; -6/5 



<\\N\ Sc (\u\ p - 2 u)\\ 6p |U<at|| 2 j*. 

-Ill I ; H iri 7^H - N \\ LtL fp 

+ \\U\\ P ~ 1 32\\\V\ S °(U 2 <N )\\ 6* 

< |U|| P 2 3p|||V| Sc u|| roor 2 |||V| Sc M<Ar|| 2 4r 3 

II H^oo^a 11 Hi t t,IM - IIL t L x 

+ |||V| s ^||^ 1 i ,||u< J v||^^|||V|^u< JV || i?LS 

<„ ||ivr-**|[^i L jC ^ || ivi'^'^Ariii-,^ IH v i J "" ST *<Jv-ll J t-i- -•- -ZV' 3 "' 5 

To estimate the contribution of the second piece, we denote 

G = \u\ p ~ 2 uu >N + 2\u\ p ~ 2 uu< N 
and use Bernstein, Holder, Lemma 121)1 and (|6.4I) to see 

|| |V| Sc P<jv(Gu>jv)|| L 2 L 6/5 

< N^\\\\7\-^(Gu >N )\\ L2L e /5 



<|||V|^G|| V (f ) K |||V|^u M 

— n iip_ 4 vftzy in 



^* - tjx M>N 



<« M'^G la-JV^-a. (6.7) 

A few applications of the fractional product rule, fractional chain rule, and Sobolev 
embedding give 

|||V|*"G|| ^<|||V| s °< TOL2 < tt l, 

11 "roor llp-4 11 u n x 

so that continuing from (|6.7p . we get 

|||V|^F< A r((| M |^ 2 fi W>A ,+2|ur 2 U M < A r) W>W )|| i?i 6/5 < u N 2 ^ 1 / 2 . 

Thus we see that the claim holds in this first case. 
Case 2. When d e {4,5}, we decompose 

\u\ P U = \u\ P U<N + |u| P M>7V- 

We employ Holder, the fractional product rule, the fractional chain rule, Sobolev 
embedding, and (I6.4p to estimate the contribution of the first piece as follows: 

\\\v\ s °p <N (\ u \ p u <N )\\ 24 

< || |V| Sc \u\ p \\ 2d P \\u<m\\ _d£_ + ||w|| P dp || I V| Sc U<7v II -M- 

II H L P (d + 4>-4 H " ll i;i 2- f H " L oo L 2 11 " "L2 i:? -2 



SHI" 1 ^Hl V | SCM llr = r2ll|V| S ^< J v|| J^+N 2 "^ 
I 

< N 2s " 



r 00 r 2 1 1 ---11 j — tt 
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For the second piece, we use Holder, Bernstein, Lemma \2M the fractional chain 
rule, and Sobolev embedding to see 

\\\V\ s °P <N (\u\Pu >N )\\ * 

<ivi s <=|||V|-5 s <=(| u |P w>w )|| 

<iVi s H||V|5 s Hn| p || _**p |||Vr' So u>Ar|| 



<inr # iiiv|K U |, E (ii) |s iiivr 



: UA/ 2d 



if*." "L?L^ "LjL 



<u |||v| s ^||^ l ,tv 2s - 1 

Thus we see that the claim holds in this second case, completing the proof of 
Lemma 16.21 □ 



We now wish to use (|6.5[) to prove 
Lemma 6.3. 

u € L?H- £ ([0, T max ) x R d ) for some e > 0. 

Proof of Lemma 1 6. 9\ For s c > \, this is easy; indeed, choosing e > such that 
s c — i — e > 0, we can use Bernstein and (|6.5p to see 

llivrHL rii ^ E N ~ s ^ £ \W^ u 4 LrLl + E ^^H v i Sc ^IL r ^ 

JV<1 JV>1 

<u N- s c- £ N 2s <-? + 1 

N<1 
<u I- 

When s c = i (that is, p = we need to work a bit harder. To begin, we 

note that by Bernstein and (|6.5[) . we have 



JV<1 N>1 



< u J2 nI + 1 

N<1 

<u 1. (6.8) 
We wish to show that in fact, we have the more quantitative statement 



(6.9) 



INTER-CRITICAL NLS: CRITICAL H'-BOUNDS IMPLY SCATTERING 



43 



Once we have established ()6.9[) , we can complete the proof of Lemma 16.31 as 
follows: choosing < e < 4j, we use Bernstein, (I6.8p . and (|6.9p to estimate 



'^LrLi ^ E ^MlMML^ + E N ^~ e \\M^\\L, 

N<1 N>1 



<u 



N^>- £ + 1 
AT<1 

Thus, to complete the proof of Lemma l6.31 it remains to establish (I6.9p . We begin 
by fixing TV > 0. The proof of (I6.9P will be a second iteration of the arguments 
that gave (16.51) . this time using (|6.8[) as additional input. 

We first use (|6.8p (and the uniqueness of weak limits) to see that the no-waste 

. 2 

Duhamcl formula (Proposition 11.141) also holds in the weak Hi topology; thus, 
using Strichartz as well, we can estimate 

Hl V l § -<-IL r ^ ([ 0,T_)x R .) £ lll V l fP ^(l U l^ U )|l L?L * ([0 , rmM)xRll) - 

Once again, we decompose the nonlinearity, and again the decomposition depends 
on the ambient dimension. The estimates that follow will be very similar in spirit 
to the estimates that gave (I6.5[) ; all estimates will be taken over [0,T max ). 
Case 1. When d = 3, we decompose 

\u\ 2 u — uu 2 <N + (uuyjy + 2mu<at)u>jv- 

We estimate the first piece as follows: by Holder, the fractional product rule, the 
fractional chain rule, Sobolev embedding, interpolation, (|6.4[) and (|6.8j) . 



\\7\5P< N (uu 2 <N )\\ 2 6 



/s 



t X t X t * t 

\L°°Ll III v I" "WLfLl II 1 v 1 " "^ JV Wl^Lg 

L-l"III v I' u IL-l=»III v I' u <^IIl?l« 



< |||V|5u|| roor2 |||V|5 U<A r||^ 4r3 + |||V|^M|| L?oi2 ||u<jv|| L oo i 3|||V|5w<A'|| L 2 L i5/2 

< |||V|5 U || roor2 |||V|3 U || roor2 |||V|5u<jv|| r2 , 
|V|*u|| rtxJr2 |||V|*u|| roor2 |||V|5 M<Ar || 



For the second piece, we first let G := uu > n + 2uu<Ni and use Bernstein, Holder, 
Lemma YTM Sobolev embedding, and (I6.4[) to see 

|||V|tp< A ,(Gw > Ar)|| L2i 6/5 < iV*|||V|-*(GM>Jv)|| L2i 6/ S 

< iV*|||V|*G|L mT a/5|||V|~*«>Jv|| rar w/2 



1 u + ±j x 11 11 n + 



^ M'GL-rf/' E (m) b IIivi^m| 



-2, 15/2 



M>N 



Z\\M*G\\ LrLl/5 £ (f)'|||v|^ M || i2L2 

M>jV 

< |||V|^G|| iri 6/57vi (6.10) 
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A few applications of the fractional product rule, Sobolev embedding, and ()6.8[) 
give 

IH V l* G Lf»L2 /B ~ ll U IL~Ls||l V l iu L»LJ 

<u |||V|'«|| £?£ j|||V|*«|| £r)LS 

<u 1, 

so that (|6.10|) becomes 

|||V|fp< J v(Gu >JV )|| i2L 6/5 < u 2Vi 



We see that (|6.9p holds in this first case. 
Case 2. When d G {4, 5}, we decompose 

4 4 ,4 

= \u\~ j=t U<n + \u\~ j=t U > n. 

■ 1 • I 

We first note that interpolating between u 6 LfHi and u € LfH£ , we have 



t 

21— d 

.11) 



Thus, to estimate the contribution of the first piece, we can use Holder, the frac- 
tional product rule, the fractional chain rule, Sobolev embedding, (|6.4|) . (|6.5|) . and 
(|6TTT|) to see 



W\s(\u\ d - 1 U 



<N)\\ 2d 



LfL 

,2 , 



< | V | S 2d U<JV 2d, + U 1 40d |V|5U <A f lOd 



^ll W H dl 2d|||V|5u|| 2 |||V|2 M <Ar|| 2d +|||V| 2 40 d U||,. , ,„| , ,, 



S lll v l 3u llirLsllM^ll ir LS iV5 + iV3 

For the second piece, we use Bernstein, Holder, Lemma the fractional chain 
rule, Sobolev embedding, (|6.4p . (16.51) . and (|6.8p to see 

|||V|*P< w (|u|^r«)|| .2d 

<N*\\\V\-i(\u\^u> N )\\ ^d 

11 —II T 2 t d + 2 



< jv^iiivi^iui^ii m llivr^tz 



3 1t> AT lQd 



<Nr 2d iimhl^2 e (^) ! iim 



AI>N 



•Um\\ 104- 

1 1 r 2 r 5d - 11 



Af>JV " 



Thus (|6.9[) holds in this second case. This completes the proof of Lemma lOl □ 
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With Lemma 16.31 at hand, we are ready to complete the proof of Theorem 16.11 
Fix t 6 [0, Tmax) and rj > 0. By Remark [L~8l we may find c{rj) > so that 

/ \e s °m,o\ 2 ^<v- 

J\t\<c(ri)N(t) 
Interpolating with u € L^°H^ £ , we get 

l«(*,0l 2 <% 



/ 



>\i\<c(v)N(t) 

On the other hand, we have 

««,*)| 2 de<(c(»?Mt))- 2 '" / |£| 3 "|2(t,0| a de< u (c(r?)iV(t))- 2 ^. 
e|>c(77)w(t) j 

Adding these last estimates and using Plancherel, we conclude that for all t E 
[0,T max ), we have 

0<M(u(t)) := J \u{t,x)\ 2 dx < u + (c(7y)iV(t))- 2s <= . 

Thus, recalling limt_>T max ^V(i) = oo, we can conclude that for all rj > 0, we may 
find to 6 [0,T mox ) so that for all t G (to,T max ), we have M(u(t)) < rj. But by 
conservation of mass, M(u(t)) = M(uo), and so we find that M(uq) < r\ for all 
f] > 0. Of course, this gives u = 0, which contradicts that u blows up (cf. (|6.ip ). □ 

Remark 6.4. We have omitted the case (d, s c ) = (5, h) from Theorem 16.11 only be- 
cause we omitted this case from the long-time Strichartz estimate, Proposition 15. II 
Of course, as remarked in the proof of Proposition 15. 1[ the long-time Strichartz 
estimates continue to hold when (d,s c ) = (5, |); thus we see that Theorem 16.11 
holds in this case as well. 



7. The frequency-localized interaction Morawetz inequality 

In this section, we prove spacetime bounds for the high-frequency portions of al- 
most periodic solutions to flTTJ ; these bounds can be used to preclude the existence 
of quasi-solitons (Section [S]). As we will see, establishing these bounds will lead to 
the most non-trivial restrictions on the set of (d, s c ) to which our main theorem 
(Theorem II. 3|) applies; see the proof below for a more detailed discussion. The 
main result of this section is the following 

Proposition 7.1 (Frequency-localized interaction Morawetz inquality). Let (d,s c ) 
satisfy (|1.4[) . Suppose u : [0,T max ) x M. d — >• C is an almost periodic solution to 
(|1.1[) such that N(t) = Nk > I on each characteristic subinterval Jk C [0,T max ), 
and let I C [0,T max ) be a compact time interval, which is a union of contiguous 
subintervals Jk- Then for any n > 0, there exists No — No(rf) such that for any 
N < No, we have 




u> N (t, y)\ 2 A(±)(x - y)\u> N (t,x)\ 2 dxdydt < u r)(N 1 ~ iSc + K), 



(7-1) 

where K := Jj N(t) 3 iSc dt. Furthermore, No and the implicit constants above do 
not depend on I. 
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Before we begin the proof of Proposition l7.ll we recall a general form of the interac- 
tion Morawetz inequality, introduced originally in |14] (for more discussion, see also 
[3"T] and the references cited therein). We will essentially follow the presentation in 
[53 Section 5]. 

For a fixed function a : M. d — » R and tp solving (id t + A)ip — Af, we define the 
interaction Morawetz action by 

M(i) = 2Im // \f(t,y)\ 2 a k (x - y)(tp k <p)(t,x)dxdy, 

J JR d xM d 

where subscripts denote spatial derivatives and repeated indices are summed. If we 
define the mass bracket 



{f,d}m := ha(fg) 



and the momentum bracket 



{f,g} v :=Re(fVg-gVf), 



then one can show 



d t M{t)=- II \if(t,y)\ 2 a jjk k{x - y)\<p(t,x)\ 2 dxdy 



R d xl 



R d xE 



\ip(t, y)\ 2 Aa jk (x - y)Re(ipj(ph)(t,x) dxdy (7.2) 
2Im(ipipk)(t,y)ajk(x - y)2lm(ipipj)(t,x) dxdy (7.3) 
2 {TV, <p} m (t, y)a>j{x - y) 2 lm((p~(pj)(t, x) dx dy 
\<p(t iy )\ 2 2Va(x-y)-{N,ip} r (t,x)dxdy. 



To prove Proposition [7TTJ we will use a{x) = \x\. Note that in this case, we have 



a J\ X ) — \x\ ' 

a ]k(X) — — [£js-, 

^ AAa(x) = -(d-l)A(A). 



For this choice of a, one can also show (I7.2[) + (17.31) > (for details, see for 
example [551 Lemma 5.4]). Thus, integrating dtM over /, we arrive at the following 
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Lemma 7.2 (Interaction Morawetz inequality). 

^(i,2/)| 2 A(p|)(a; - y)\(p(t,x)\ 2 dx dy dt 



m d xR d 



Wit^y)? ■ W><p}-p (t,x)dxdydt 



< 



sup 

tei J JWx 



lv(*>y)| 2 T|3fj • Vip(t,x)(p(t,x)dxdy 

W ^Im (*) y) • V^(i, a#(*, x) dy dt 

To prove Proposition 17.11 we will apply this estimate with ip = it>jv, with N 
chosen small enough to capture 'most' of the solution. To make this idea more 
precise, we first need to record the following corollary of Proposition ETJ 



Corollary 7.3 (Low and high frequencies control). Let (d,s c ) satisfy (|1.5p . and 
let u : [0,T max ) x M. d — > C be an almost periodic solution to (jl.ip with N(t) = 
Nk > 1 on each characteristic subinterval Jk C [0, T max ). Then on any compact 
time interval I C [0, T max ), which is a union of continuous subintervals Jk, and for 
any frequency N > 0, we have 



\ U >N\\L«Lr(I> 



(7.4) 



for allZ + i = i with q > 4 - ^£_, where K := Jj iV(i) 3 ~ 4 ^ dt. 

Moreover, for any r\ > 0, there exists Nq — No{rj) such that for all N < Nq, we 
have 

(7.5) 



for all 



| with q>2. 



Furthermore, Nq and the implicit constants in (I7.4[) and (|7.5p do not depend on 

I. 

Proof of Corollary \7.S\ We first show (|7.4[) . For fixed a > s c — | , we can use 
Bernstein and (15.11) to see 



N\- a u> 



N 



'■ (7x1 



< J2 M- a - s "\\\\7\ s "u M 

M>N 



l l , 



M>N 



■-(i + N is °- 1 Ky- 



(7.6) 



i = L and define a = ^f^ . 

q r 2 ' 4p 



Now, take (q, r) with 2 < q < oo and 2 

Notice that a > s c — \ exactly when q > 4 — d 2p ^ . Thus, in this case, we get by 
interpolation and (|7.6p that 



< ll|V|- Q M 



>N\ 



L?L x d - 2 (7xR") 



' L r L l( IxJ 
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which gives (|7.4[) . As for (|7.5j) . we first note that since inft e jiV(i) > 1, for any 
i)>0we may find No(rj) so that 



||V| Sc U<J 



< 



n 



for all N < Nq (cf. Remark [L8J . The estimate (|7.5|l then follows by interpolating 
with JO- □ 



We are now ready for the 



Proof of Proposition \ 7. 1] Take I C [0,T max ), a compact time interval, which is a 
contiguous union of subintervals Jk, and let K := J. iV(i) 3_4Sc dt. Throughout the 
proof, all spacetime norms will be taken over /xlf 

Fix r\ > 0, and choose No = Nq(t]) small enough that (I7.5[) holds; recall that 
(|7.4p holds without any restriction on N. Next, we claim that for No possibly even 
smaller, we can guarantee that for N < N , we have 



and 



n- Sc 



u>N\ 



LfLl 



(7.7) 



(7.8) 



Indeed, by Remark H~S1 and the fact that inf te j N(t) > 1, we may find c(rj) > so 
that 

\\M Sc u< c{ri) \\ LTLl < 77 10 ; 
combining this inequality with Bernstein, we get 



N s "\\u> N \\ LrLl < N s "\\u N 
< lllV| Sc u 



<-<c{v)\\LfLl 



+ N s °\\u >c{ri) \\ 



< c M\\l^li 



=(»7) s 



|V| s <=u 



>c('7) \\l?°LI 



< u 77 10 + N s 



Thus, taking N sufficiently small, we recover (|7.7[) . A similar argument yields (|7.8|l . 
Next, we record the following inequality that will be useful below: 



sup 

yGR d 



x - ■ Vtp(x)tp(x) dx 



c — 3/1 



< 



|v|V 



for < s < 1. Indeed, for fixed y £ M. d , we can first write 



\x-y\ 



Vip{x)ip(x) dx 



< II IV 



s x-y 
\x-y\ 



9 



ivi 1 -^! 



ivr s v^| 



(7.9) 



M^HMIIvi^vll,. 



is bounded 



Thus, to prove (17.91) . we need to see that the operator VI s , x _ v , IVI 

\ x y\ 

on L 2 . (uniformly in y). When s = 0, this is clear. When s = 1, this follows from 
the chain rule, Hardy's inequality, and the boundedness of Riesz transforms. The 
general case then follows from complex interpolation. 

We now wish to apply the interaction Morawetz inequality (Lemma I7.2|) with 
if = u> N and N = P> N (\u\ p u), with N < N a . Together with ([777) . (f7T8]l . (f7T9|) . 
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Bernstein, and the fact that u 6 Uj°H* c {I xM d ), an application of Lem.ma l7.2l gives 




+ /// \u> N {t,y)\ 2 T^\ ■{P> N {\u\ p u),u> N } v {t,x)dxdydt 



u> N (t,y)\ 2 A(j^)(x - y)\u> N (t, x)\ 2 dxdydt 



u >Al T li\P\ 1/2u >A\l T li 




Thus, to prove Proposition 17. 1[ we need to get sufficient control over the mass and 
momentum bracket terms appearing above. 

To begin, we consider the contribution of the momentum bracket term. We can 
write 

{P> N {\u\ p u),u> N } v 

= {\u\ p u, u} v - {\u< N \ P U< N ,U< N }-p 

- {\u\ p u - \u< N \ p u< N ,u< N }-p - {P< N (\u\ p u),u> N }-p 



After an integration by parts, we see that term / contributes to the left-hand 
side of (|7.10p a multiple of 



For term 77, we use {f,g}v — V0(/g) + 0(/Vg); when the derivative hits the 
product, we integrate by parts, while for the second term we simply bring absolute 
values inside the integral. In this way, we find that term 7T contributes to the 
right-hand side of (|7.10[) a multiple of 



Finally, for term we integrate by parts when the derivative falls on u>at; 
in this way, we see that term III contributes to the right-hand side of (|7.10|) a 
multiple of 




) - {\u\ p u - \u< N \ p u< N ,u< N } v 






+ 




\u>N(t,y)\ 2 \u> N {t,x)\ |VP<Ar(|w| p u)(i,a;)| dxdydt. 
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We next consider the mass bracket term in (|7.10p . Exploiting the fact that 

{\u>n\ P U>n, U> N } m = 0, 

we can write 

{P> N (\ll\ P u),U> N } m = {P> N (\u\ P u) - \u> N \ P U> N ,U> N }m 

= {P>n(\u\ p u - \u> N \ p u> N ~ \u< N \ p u< N ), u> N } m 
+ {P>N(\u< N \ p u< N ),u> N } m - {P< N {\u> N \ p u> N ),u> N } m . 

We will now collect the contributions of the mass and momentum bracket terms 
and insert them back into (|7.10[) . We will also make use of the pointwise inequalities 

\\f + g\ p (f + g)-\f\ v f\<\g\ p+1 + \g\ liT, 

\\.f + g\ p+2 - l/r 2 - l# +2 | < l/l \a\ p+1 + \f\ p+1 \g\- 

In this way, (|7.10j) becomes 

\u> N {t,y)\ 2 k{^){x-y)\u> N {t,x)\ 2 dxdydt (7.11) 

\^Mp^^ri dxdydt 

f - y\ 

+ V 10 N 1 ~ 2 ^\\\u< N \ p ui N \\ L ^ 
+ r ] w N 1 ^\\\u> N \ p+1 u< N \\ L ^ 
+ V 10 N 1 - 2Sc \\P> N (\u< N \ p u <N )u >N \\ rl 
+ V 10 N 1 - 2 ^\\P <N {\u >N \ p u >N )u >N \\ rl 

\u> N (t, y)\ 2 \u> N (t, x) \ \u< N (t, x)\ p+1 

\x-y\ 

\u> N (t,y)\ 2 \u> N (t : x)\ p+1 \u< N (t, x)\ 
\x - y\ 

\u> N (t,y)\ 2 \P< N (\u\ p u)(t,x)\ \u> N (t,x)\ 
\x - y\ 

\u>N(t, y)\ 2 \u>iy{t, x) \ \u<N(t, x)\ p \Vu<iy(t 7 x) \ dx dy dt 
\u>N(t, y)\ 2 \u>jy(t, x)\ p+1 \\7u<N{t, x) \ dx dy dt 
\u>N(t,y)\ 2 \u> N (t, x) \ \VP< N (\u\ p u)(t,x)\dxdy dt. 



7.12) 
7.13) 
7.14) 
7.15) 
7.16) 

7.17) 

7.18) 

7.19) 

7.20) 

7.21) 

7.22) 

To complete the proof of Proposition 17.11 we need to show that the error terms 
(|7.12[) through (|7.22j) are acceptable, in the sense that they can be controlled by 
^(iV 1 " 4 ^ +K). Clearly, (021) is acceptable. 



dx dy dt 
dx dy dt 
dx dy dt 
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Next, we consider (|7.13[) . Using Holder, Sobolev embedding, (|7.4|) . and fjT. 5[) . we 
get 



\W<n\ p uI n \\ l1x < ||«<^||£*i*||«>iv|^ ^ 

< |||V| Sc tt<jv|| P 2d P \\u>N 



2dp "_>iV 



which renders (|7.13l) acceptable. 

We now turn to (|7.14j) . For this term, we can again use Holder, Sobolev embed- 
ding, (f7T4|) . and (173)) to see 

|||w>Ar| P+1 U<A'Li < ||w>Ar|| 2 Q 6d ||u>jv|| P 1 ^ |k<jv|| JjiR. 
II - - UL tx II - II^m-4 11 - U L°°L m 2 11 ~ "l^^T* 

< 1 1 IA> TV 1 1 2 -P-r II |V| 8c tt||roc ,r2 II |V| Sc U<Jvl| 6d 

Thus this term is acceptable as well. Before proceeding, however, we note that it 
is this term that has forced us to exclude the cases (d, s c ) £ {3} x (|, 1) from this 
paper; we postpone further discussion until Remark 17.41 below. 

We next turn to (|T. 15[) : using Holder, Bernstein, the fractional chain rule, Sobolev 
embedding, (|7.4[) . and (|7.5j) . we see 

\\P>n{\u<n\ p u<n)u> n \\ l i 

< N^ Sc \\u >N \\ jm_ |||V| Sc (|u<jv| p u<jv)|| 4 jm_ 

N — II , 4 j- d_ ill 1 1 d+1 

< N~ Sc \\u>n\\ 2d ||u<jv|| 2d P II |V| Sc U<A^|| 2d 

II — H r 4 r d — 1 H — H r 4p r ~ 3~ 11 — I' r 2 r d— 2 

Li^Lj-j^ t X t 3- 

< A^~ Sc ||u>Ar|| _j2d_ || |V| Sc M<at|| P 2dp I) |V| Sc U<tv|| -JiL 

so that (|7. 15|) is also acceptable. 

For the final term originating from the mass bracket, (|7.16p . we use Holder, 
Bernstein, Sobolev embedding, (|7.4[) . and (17.71) to see 

||-P<Ar(|w>Ar| P M>A')w>Ar|L 1 < ||«>iv|| ed \\P<n(\u> N \ P U>n) II 3 6d 

n - - - u_L tx n - "l^lJ 3 ^ 1 " ~ "l^l! 3 ^ 3 

< iV Sc ||u>jv|| ad |||u>Ar| P U>Ar|| 3 3 



-^I^llkafellivr^il^ 



which shows that (|7.16|) is acceptable. 



52 



JASON MURPHY 



We now turn to the terms originating from the momentum bracket. First, con- 
sider (|7.17|) . By Holder, Hardy-Littlewood-Sobolev, Sobolev embedding, Bern- 
stein, (|7.4[> . (|7.5I) . and (|7.7p . we can estimate 

(EHD < || ^ * W> N \ 2 \\ L3L3i \\u> N \\ A 

X ||u<jv|| 3dp 1 1 1l< M 1 1 _6rf_||t/'||^ dp 

^ lll^>A r l^ll 3d || , U^Ar|| 6d 

x IllVr'u^ll^^llVu^ll^^lllVl'-ull^j 
<„ N l ~ s " \\u> N \\ LrL 2 \\u> n \\ 2 ^ l ^ || \V\ s ^u< n \\ 2 ^ l ^ 

so that (|7.17l) is acceptable. 

For (17.18[) . we consider two cases. If |u<jv| < 10 — 100 |w> jv | , then we can absorb 
this term into the left-hand side of the inequality, provided we can show 

\^Mp^M^ dxdydt<0Q . (7 . 23) 

\x-y\ 

On the other hand, if |u>at| < 10 100 |u<jv|, then we are back in the situation 
of (|7.17p . which we have already handled. Thus, to render (|7.18[) acceptable, it 
remains to prove (|7.23|) . To this end, we define 

and use Holder, Hardy-Littlewood-Sobolev, Sobolev embedding, Lemma Tl. Ill and 
interpolation to estimate 



LHS (1L23J) < II T^T * I U >JV| 2 || jirid \ U >n \ ,xr2 ||u>Ar|| P "2p(2d E -51 dp(2dp-5) 

"-^t-^x 11 IIJJ t ^x " 3(dp-4) - dTTHi 



S II, |2|| || ||f Ihv7is c MP+2-0 

^ |">JV| | 4d \\U>N ,oo,2 |V| U >N\\ 2p(2dp-5) 2dp(2dp-5) 

LfLx * X J 3(dp-4) L 2(dpY : -lldp + 24 



<„ 



u> N ii ia ~ ii U > N || \ + ; L2 (i + j I N (tf dt) - 



(p + 2-8)(3(dp-4)) 



4 r ^&ii^ Jv iiLri. 



< u |||V| 1/4 U > w || i4i _2d_iV- Sc(1+e) (l + / z JV(t) 2 dt) 

< u Jv l/4-. e (2+fl)||| V |. ett ^ Ar || ^ (l + / z iV(t) 2 dt) 

1 , (p + 2-0)(3(dp-4)) 
<U N 1 - 43 " (1 + fj N(t) 2 dt) 4 + 2p(2dp-B) 

<„ iv 1 - 4 ^ (l + ^jvct) 2 ^), 

which gives (|7. 23[) . and thereby shows that (|7.18[) is acceptable. 
Next, we turn to (|7.19[) . Denoting 



■.■■+-■-'■■■ ■■ '' - 

2p(2dp-5) 



(p + 2-0)(3(dp-4)) 
2p(2dp-5) 



G = \u\ p u - \u< N \ p u< N - \u> N \ p u> 
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we begin by writing 



\u> N (t, y)\ 2 \P<N{\u< N \ p u< N )(t, x)\ \u> N (t, x)\ 
\x - y\ 



dx dy dt (7.24) 



W> N {t, y)\ 2 \P<N{\u>N\ P U> N ){t, X)\ \u> N {t, X)\ 

\x - y\ 

\u> N (t,y)\ 2 \P< N G(t, x)\ \u> N {t, x)\ 



\x - y\ 



dx dy dt. 



dxdydt (7.25) 



(7.26) 



For (|7.24[) , we can write 



(|7.24|) < || o * ['»>iy| 2 llx,3j,3.ill tt >jyll _„_ .jj„ ||"£ w ll #^ ||«<jv|| _„_ 1! 6i I ||w 



ip-i 



by the same arguments that dealt with (|7.17l) . 

For (I7.25|) . we can use Holder, Hardy-Littlewood-Sobolev, Bernstein, Sobolev 
embedding, (ITU) . ([73| . and ([777)1 to estimate 

(1772511 < 

< 



< 



< 



< 



which renders (|7.25|) acceptable. 
For (17~2"6) , wc first note 

\u\ p u - \u< N \ p u< N - \u>n\ p u>n = 0(u>au<at|w| p_1 ), 

so that using Holder, Hardy-Littlewood-Sobolev, Bernstein, Sobolev embedding, 
HZH) , ([731) . and (EH), we g et 





2 

6d 


1 1 * 

Ir* 


(P<n(\u>n\ p u >n )u >n )\\ 3 M 

L? La? 


||w>jv| 


2 

Gd 


|P<iV 


( \u>N \ P U>n)u>n\\ 3 3d 
L 2 Li" -1 




2 

Gd 


\u>N 


L n -P<Af( M >AT Pu >-/v) 3 f 
l£ t ijl - /M L t 2 L 3d - 2 




2 

Gd 


\u>N 


L^j-oiV 1 " 1 " 8 " P<(v( W>;v P M>;v) , 3d P 

lij t L . 11 £ 2 £ 3dp + 2p 




2 

6d 


\u>N 


1 atT + S II II 2 II MP - 1 




i- 4Sc(l4 


- M iSc 





CT^||e*l«> 



IL?L? 



|-P<Ar(0(u>AfU<Ar|u| p 1 ))|| _6d_|U>Jv| 



' r 3 r 3d-4 



< N\\\U> N \ 2 \\ _ n ^3d^\\0(u> N U< N \u\ P 1 )\\ _ ,Gd_z \\u> N 



LfL 



3 r 



Lib 



II 1 1 2 II 1 1 2 

< N \\U>N\\ Gd \\U>N 



r oo T 2 1 1 Lt< ^iV 1 1 3dp ^ 

" '- _L 3 L 6 p 11 



\U<N 

i2 II ■ ■ 2 

6d 7/ \ a r 

1 if 1 1 - 1 1 

< .,2.1 \-i-4s c n i Ar4s c -1 



IP— 1 



< iV||u>jv|| H">Jv||rocr2 |||V| Sc M<Ar| 



33=7 H 1 1 IIL?°L 2 



Thus (|7.26[) . and so (|7.19[) , is acceptable. 
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We now turn to (17.20|) . By Holder, Sobolev embedding, Bernstein, (|7.5j) . and 
7.7p . we estimate 

II l|3 II IIP II II 

(|7.20|) < U>JV roor2 U <JV riPfip Vw<AT 2d 



< N 1 M|u>JLoor2 |||V| Sc 1t<J| 2d P ll|V| Sc M<Af 

11 - llij t L ," - 11 ,2,, dp-i 



3 

x J r,IMVr c M<Ar|| 



so that (|7.20l) is acceptable. 

For (|7.21[) , wc use Holder, Sobolev embedding, Bernstein, (|7.4|l . (|7.5|l . and (|7.7|) 

to get 

(EH]) ^ || u >iv|| r»r2 |h>A r ir <*£ || u >A r l| 2 , #z ||Vlt<Jv|| _Mp_ 



ii 1 1 2 ii 1 1 2 ii ii 

^^p>^IL r LiF>^|| ifi| i44lllvr c w<jv|| i?i? 6i_ 

which renders (|T.21|) acceptable. 

Finally, we consider (I7.22p . We begin by writing 

(17^21) < ||u>jv||L L 2 \\u> n VP<n(\u< n \ p u< n )\\ l1 (7.27) 

t x t,x 

ii 1 1 2 1 1 ii 

+ \\ U >N L,2 \\u>n^P<n(\u>n\ p u> n ) J (7.28) 



: I I I 2 I I || 

+ II U >^IL=°I,2 ||u>JvVP<jv(M P U - |ti<Ar| P U<AT - |u>at| p m>jv)|| f ,i ■ (7.29) 



To begin, we use Holder, the chain rule, and the arguments that gave (|7.20j) to see 

(|7.27j) < 1 1 tt> JV 1 1 r oo r a 1 1 1t< JV 1 1 ^ 2 P r d*. 1 1 Vrt<iV 1 1 jid_ 

II — llij t _L X II - llij t Ij x II - 11^2^-2 

< u 7 ? p+31 7V 1 ~ 4s '=(l + iV 4 ^ 1 if), 

so that (|7.27[) is acceptable. 

For (I7.28|) . we argue essentially as we did for (|7.16|) . That is, we use Holder, 
Bernstein, Sobolev embedding, (|7.4[) . and (17.71) to estimate 

ii 1 1 2 ii ii ii 

(17. 28ft < U~> /V r oq t- 2 \W>n\\ 6d\\yP <N (\u >N \ P U >N )\\ 3 6d 

II - IIL t L x ll - "Lfil 3 ^ 1 " - - n L 2 Lf^ 

< N 1+Sc ||u>jv|| L ,2 || w >A r || 6d |||w>iv| P '«>Ar|| 3 3d P 

2 ll 1 1 3 ii _ 1 1 3D— 1 



^^ 1+ *1 u >^ILr£5ll u ^ll ifi »felll v l' eu iiL?zs 



which gives that (|7.28j) is acceptable. 
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For (|7.29[) . we argue similarly to the case of (|7.26[) . In particular, we use Holder, 
Bernstein, Sobolev embedding, ()7.4j) . (|7.5|) . and (|7.7|) to see 



(|7.29|> < iV||M>jy|| J|n> J| ed\\0{u <N U >N \u\ p 1 )|| a m 

<r Jul I II 2 II II 2 II II II IIP- 1 

<N\\u> N \\ LrL2 J\u> N \\ L3 ^\\u< N \\^^\\u\\^^ 

< a ri n N 1 - 4s '>(i + N /ls °- 1 K), 

which gives that (f7T29|) . Collecting the estimates for ([727) , (f7728|i . and (f7729|l . we 
see that (|7.22|) is acceptable. This completes the proof of Proposition 17.11 □ 



Remark 7.4. Let us discuss why (|7.14[) has forced us to exclude the cases (d, s c ) G 

'3 
*4' 



{3} x (|, 1) from this paper. As one can see in the proof above, in the cases we 



consider, this term is fairly harmless. However, once s c > | in dimension d = 3 
(which corresponds to p > |), this term becomes a problem; put simply, we end up 
with too many copies of u>n to deal with. 

This problem has already been encountered in the energy-critical setting (s c = 1) 
in dimension d = 3; in this case, one can overcome the hurdle by applying a spatial 
truncation to the weight a. One can refer to [15] for the original argument, wherein 
spatial truncation is applied at various levels and subsequently averaged. The 
authors of [3S] revisit the result of [T3] in the context of minimal counterexamples; 
at this point in the argument, they choose to work with a more carefully designed 
spatial truncation, which removes the need for any subsequent averaging argument. 

This discussion begs the question: why doesn't spatial truncation work in our 
setting? To answer this, we need to understand how spatial truncations affect the 
argument that leads to Proposition 17.11 What we find is that spatial truncations 
ruin the convexity properties of a that made some of the terms in the proof of 
Lemma 17.21 positive; thus, to establish Proposition 17. II with a further spatial trun- 
cation, we have to control additional error terms. It turns out that one of these 

additional error terms requires uniform control over u rP+2 , while another requires 

ii 1 1 ij x 

uniform control over || Vm|| l2 (see [361 Lemma 6.5 and Lemma 6.6]). In the energy- 
critical case, one can use the conservation of energy to push the argument through, 
while in our cases, we cannot proceed without some significant new input. We have 
therefore abandoned the cases (d, s c ) G {3} x (|, 1) in this paper. 

For a further discussion of these issues, refer to [36], especially Remark 6.9 
therein. 



8. The quasi-soliton scenario 

In this section we preclude the existence of almost periodic solutions as in The- 
orem [TTT3J for which J^ mam A r (i) 3_4Sc dt — oo. We will show that their existence is 
inconsistent with the frequency-localized interaction Morawetz inequality (Propo- 
sition [7T]). 

Before we begin, we note that 



56 



JASON MURPHY 



Thus, if d = 3, the conclusion of Proposition 17. II reads 

\u> N (t, x)\ 4 dx dt < u niN 1 ' 43 " + K) (8.1) 



for N < Nq(t]), while if d £ {4, 5}, the conclusion of Proposition 17.11 reads 
|u>Ar(i,ir)| 2 |u>7v(£,2/)| 2 



\x - y\ 3 



■dxdydt^u^N^ 8 " +K) (8.2) 



for N < N (r]). 
We now turn to 



Theorem 8.1 (No quasi-solitons). Let (d,s c ) satisfy (|1.4[) . Then there are no 
almost periodic solutions u : [0,T max ) x M d — > C to (|1.1[) with N(t) = Nk > 1 on 
each characteristic subinterval Jk C [0,T max ) that satisfy both 



U p(d + 2) 

L t * ([0,T m „ x )xI 



N{t) d - is " dt = co. (8.3) 

Proof. Suppose towards a contradiction that such a solution it exists. We will need 
the following 

Lemma 8.2. There exist No > and C(u) > so that 

inf Nit) 28 " [ \u >N (t,x)\ 2 dx > u 1 for all N< N . (8.4) 

*6[o,T mo .) y| X _ x(t) |<o^ - 



We provide the proof of Lemma 18.21 below; let us first take it for granted and 
use it to complete the proof of Theorem 18.11 We let 7 be a compact time interval, 
which is a union of contiguous subintervals Jfc, and let r\ > be a small parameter. 
We take C(u) and No as in Lemma [821 then, choosing TVo possibly smaller, we can 
guarantee by Proposition l7.1l that (|8.1[) or (|8.2j) holds (depending on the dimension) 
for all N < N . 

We now consider two cases: 

Case 1. When d = 3, we first note by Holder's inequality that 

(f\ x - x{t)] <°M\ u >N{t,x)\ 2 dx) 2 <„ N(t)~ 3 J ]x _ x{m oM \u> N (t,x)\ 4 dx. 
Using this inequality, followed by (|8.4[) . we find 

|u>jv(t, £)| 4 dxdt 

x-x(t)\<%$ 



> 



\x-x(t)\<%£ 



\u> N (t,x)\ z dx ) N(tydt 

(t) / 

> u / N(tf-^ dt 
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for all N < Nq. Thus, appealing to (|8.1[) . we find 



N(t) 



3-4s c 



> 



u>N{t, x)\ A dx dt 

u>jv(t, x)\ A dx dt 

>u I N(t) 3 - is < dt (8.5) 



> 



for all N < N . 

Case 2. If d G {4,5}, we once again use (|8.4p. but use (|8.2p instead of (|8.ip . 
We find 



TV 1 " 4 ^ + / iV(i) 3 - 4s <= 

|u>Ar(i,2;)| 2 |u>Ar(i,y)| 2 



> 



> 



<iy dt 



<UJ\x-y\<^- 



\x - y\* 

["IU^)] 3 \ u >N(t,x)\ 2 \u> N (t,y)\ 2 dx dydt 



x — x (t)\<£ial 



|u>jv(t, x)\ 2 dx dt 



>u / N(tf- is < dt 



(8.6) 



for all N < Nq. Thus, continuing from (|8.5p or f|8 . 6[) . we see that in either case, for 
77 sufficiently small depending on u, we get 

J N(t) 3 - is " dt < u N 1 - 4 ^ for all I C [0, T max ) and all N < N . 

Recalling (|8.3|) . we now reach a contradiction by taking / sufficiently large inside 
[0,T max ). □ 

Finally, we turn to the 



Proof of Lemma \8.2l Let 770 > be a small parameter to be determined later. As 
inft£[Q,T maa .) N(t) > 1, for Nq = iVo(r/o) sufficiently small, we can guarantee 

||w<jv|| dp < rjo for N < Nq. 

L^L^ ([0,T mM )xH<«) 

Then, given any C(u) > and N < N , we can use Holder's inequality and Sobolev 
embedding to estimate 



\x-x(t)\<g$ 



< u N(t) 2s H|it<iv|| m\\u 



djp 1 1 Uj 1 1 dp 



\u > N(t, x)\ 2 — \u(t, x)\ 2 dx 

<u VoN(t)- 2s < 

for all t 6 [0,T max ). Thus, if we can show that for C(u) sufficiently large, we have 

inf N{t) 2s " I \u(t,x)\ 2 dx > u f, (8.7) 

te[o,T mM ) J| x _ x(t) |<cw 

we will have (|8.4p by choosing 770 = ?7o(' lt ) sufficiently small. 
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We now turn to (|8.7p . We first choose c = c(ijo) sufficiently large that 

\\\V\ s "u >cN{t) \\ LrLU[0Tm ^ )xRd) <r} . (8.8) 
We then notice that by Holder, Bernstein, Sobolev embedding, and (|8.8[) . we have 



\u(t,x)\ - \u< eN ( t )(t,x)\ dx 
< _ 

<„ VoN(t)- 2s 



N(t) Sc \\u >C N(t)(t)\\ Lim \\u{t)\\^ 



(8.9) 



for all t G [0,T max ). Thus, if we can show that for C(u) sufficiently large, we have 

\u<cN(t)(t, x)\ 2 dx > u 1 , (8.10) 



inf N{t) 2s ' 
te[o,T max ) 



| a _ x ( t )|<oW 



then (|8.7p will follow by taking r/o = Vo(u) sufficiently small. 

Let us therefore turn to establishing f|8.10|) . We begin by choosing C{u) suffi- 
ciently large that 



\u(t, x)\ 2 P dx > u 1 



inf 



(cf. Remark \\7!\ . Then, with c = c(r] ) as above, we see by Holder's inequality, 
Sobolev embedding, and (|8.8j) that 



x-x(i)|<i 



dp dp 

\u(t,x)\~ - w< C AT(i)(i, dx 



< 



\ U >cN{t)\\ 



L9°L I 



< 



u Vo 



for all t £ [0,T max ). Thus for rjo = r/o( w ) sufficiently small, we have 



inf 



\u< cN (t)(t,x)\ ^ dx > u 1. 



(8.11) 



Finally, by Holder and Bernstein, we estimate 



l*-x(t)|<^} 



l"< c Af(t)(M)l 2 

ii ii— —2 

< \\u< cN (t)(t)\\^ {md) 



N-*(t)l<ww 



<„ iV(£) 2s =||w(t)|| 2 ^ 



|a- a (t)|<Ofel 



|-"<ciV(*) ^) I 2 ^ 

\u< cN (t)(t,x)\ 2 dx. 
\u<cN(t)(t,x)\ 2 dx (8-12) 



Ljp (R d ) J\x-x(t)\<^- 



for all t e [0, T max ). Combining (|8.1ip and (|8.12|) now yields (|8.10j) . which completes 
the proof of Lemma 18.21 □ 
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Appendix A. Some basic estimates 
We collect here some basic estimates that are useful in Section |4] We begin with 
Lemma A.l. Let 1 < p < 2. Then 

| \a + c\ p - \a\ p -\b + c\ p + \b\ p | < \a - b\ {c^ 1 (A.l) 

for all a,b,c 6 C. 

Proof. Dehning G(z) := |z + c| p — |z| p , the fundamental theorem of calculus gives 



LHSCOJ = 



(a-b) / G z (b + 0(a-b))d6 + (a-b) / G- Z {b + 0(a - b)) d9 
Jo Jo 

Thus, to establish (|A.1[) . it will suffice to establish 

\G z {z)\ + \G s (z)\ < \c\p~ 1 uniformly for z £ C. 
That is, we need to show 

| \z + c\ p - 2 (z + c) - \z\ p - 2 z I < \c\p- 1 

uniformly in z. If c = 0, this inequality is obvious. Otherwise, setting z = c(, 
reduces the problem to showing 

liz + ir 2 (z + i)-|zr 2 z|<i (a.2) 

uniformly in z. For \z\ < 1, we immediately get (|A.2|) from the triangle inequality. 
For \z\ 1, we can use the fundamental theorem of calculus and the fact that 
p < 2 to see 

| \z + l\ p ~ 2 (z + 1) - \z\ p ~ 2 z | < \z\ p - 2 < 1. 
Thus, we see that (|A.2j) holds, which completes the proof of Lemma [A. II □ 

Next, we record a few inequalities in the spirit of [48J §2.3]. 

Lemma A.2. Let M denote the Hardy-Littlewood maximal function, and let ip 
denote the convolution kernel of the Littlewood-Paley projection Pi . For a fixed 
function f,y€ M. d , and N G 2 Z , we have 

J Rd N d \^(Ny)\ \f(x - y)\ dy < M(f)(x), (A.3) 
\S y f N (x)\ < N\y\ {M(f N )(x) + M(f N )(x - y)} , (A.4) 
f Rd N d \y\\^(Ny)\dy<±. (A.5) 

Proof. We begin with (TOI) . Note hrst that 

V := N d \4>(Ny)\ 

is a spherically symmetric, decreasing function of radius; thus, we can write 
T)(y)= / XB(o,r)(y){-v'(r))dr, 
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where »/:=§£. We can then use the definition of the Hardy-Littlewood maximal 
function and integrate by parts to estimate 

LHSdMI < I J ^ \f(x - y)\ dyj (-T)'(r)) dr 




< [ J viry- 1 dr) M(f)(x) 
<i> M(f)(x). 

For (QO}, we begin by defining ipo{£) — ^(2£) + + ■i/'( < ?/2) , the 'fattened' 
Littlewood-Paley multiplier. Then we can write 

\SyfN(x)\ = | J[N d MN(z - y)) - N d ip Q (Nz)]f N (x - z) dz\. (A.6) 

If N\y\ > 1, we can use the triangle inequality and argue as above to see that 

\5 y f N {x)\ < M(f N )(x -y) + M(f N )(x), 

giving (|A.4[) in this case. If instead N\y\ < 1, we can use the fact that ipo is Schwartz 
to estimate 

\MN(z - y)) - MNz)\ < N\y\(l + N\z\)- 100d . 
Then continuing from (|A.6[) and once again arguing as for (|A.3[) . we find 

\6 y f N (x)\<N\y\M(f N )(x), 

which gives (|A.4[) in this case. 

Finally, we note that since ip is Schwartz, we have 

N d \Ny\\^(Ny)\dy<l, 

which immediately gives (| A.5|) . □ 
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